11th All Strands

03/12/2008
Student Name:
Class:
Date:
Instructions: Read each question carefully and select the correct answer.
1. Solve the following system of equations 3. What is the minimum value given the
using matrices. following constraints?
-x-3y+5z=23 Objective Quantity: C =3x - 5y
3x+y+2z=15 Constraints:
2x +2y +4z=18 xz=0
/ / / 7="
A. X =91/45,y =-22/45, z=212/45 Cnue
B. x=681/8,y=-83/8,2z=4 o 23"’;12
C. x=-23y=-212,z=4 Sx+ay=20
D. x=3,y=-2,z=4 A. -50
B. 12
' C. -30
2. Solve the equation. D. No Minimum
14
N . 4 4. What is the minimum value given the
6 By -8 following constraints?
5 9
Objective Quantity: C=37x + 52y
1 5 .
x=—andy=2 Constraints:
A. ? ? x=0
B. x=-36and y=18 y=0
_ 1024 iy 22 6x— 5y =—300
C. 723 723 3x+8y =—24
x=—2;—gandy=—? A, 3,120
D. B. -856
C. - 296
D. No Minimum
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Classify the conic. 9.

2105 + 7xy -4 + 10x+y=0

A. Circle

B. Hyperbola

C. Parabola

D. Ellipse

Classify the conic. 10.
2x" +8xy+ 3y +5x-2y=0

A. Circle

B. Hyperbola

C. Parabola

D. Ellipse

Distribute. Simplify your answer.

11.
-6i(3 + 41)
A. —181 + 2447
B 24 —18
C. 18— 244*
D —18 — z4
Multiply. Simplify your answer.
(5 - 61)(3 - 41) 12.

A. 241% +15
B 24i% — 38 +15
C. -0 3&
D

— 101+ &
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A cube has the following vertices: (-2, 5, 4),
(-2, 0,4), and (3, 0, 4). Which point is also a
vertex of the cube?

A, (-2,4,5)
B. (3,0,5)
C. (-2,5,0)
D. (3,59

A cube has the following vertices: (4, 7, -1),
(4, 6,-1),and (5, 6, -1). Which point is also
a vertex of the cube?

A. (4,7,6)
B (4,6,0)
C. (5,-1,7)
D (4,0,6)
e
Find the supplement of 17
26
A. 17
9
B. 17
[
C. 17
e
D. 17

Which of the following is a coterminal angle

&= 2 7

for 3

T
A. 3

T
B 3

S
C. 3

_ 27
D. 3



13.

14.

15.

16.

Rewrite 320° in radians.

lém

= radians
]
S

= radians
16

2

=1 radians

S

=2 radians
2

Find two angles that are coterminal.

CPOF P>

60° and 240°
35° and -145°
40° and -340°
75° and 435°

Complete the following trigonometric
identity.

cot? @

A.

B
C.
D

sin® &
tan® &
sect &

cost &

Choose the statement that is true.

1— seu:z(xj =1- tanz(x)
cotz(x) I:secz(xj — 1:| =1
cosi) (1 + tanz(x)) = sinlx)

u:osz(x) - sinz(x) =142 sinz(x)

17.  Describe the left and right behaviors of the
graph of the following function.

f)=x° +4x* +1

A.

Fincreases on [—e2, 0], and Fdecreases on [0, =

B.

Fdecreases on [—=2, U], and _fincreases on [0, =2

C.

Jimcreases on [—eo2, 0], and Fincreases on [0, =2’

D.

F decreases on [—=0, 0], and # decreases on [0,

18.  State the maximum number of turns in the
graph of the polynomial.
Fly =32+ 2x +4

A. 3 turns
B. 5 turns
C. 6 turns
D. 7 turns

19.  Subtract the fractions.

3w (20452 +6)

5 {10z +15)

=2 +3
Al (2% +3)

Sl 4 dx — 6
B. 5(2x% +3)

=z +5% +3
2hu2x +3)

SiES + 5xt— o
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20.

21.

22,

Combine the following.

x+4 , (627 +9)

x 3
6% +x +13
A. 3x”
B. 2z + 13
2%t w47
C. b4
D. 2+ 13
Multiply.
4zt =Yy
33?7 &0y
7
it
A 45572
41648
B 180zy"
.
C 45
7
=

Divide the polynomial and simplify.

2
(3 +4) + G=7—16)
5
.
A, (3z — 0
21x + 28
B. 92 —16
(3 + D92 —16)
7
=(9x2 — 16

23.

24.

25.
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Triangle ABC is a right triangle. Which
statement applies to this triangle?

B
B2
4
A & C
2
Tan B = —
A. 5
Cos B = 2—'13
B. 13
Cos T = E
C. 2
Sin C= 2
D. 3

Triangle ABC is a right triangle. Which
statement applies to the triangle?

i
...-'"’:I
o
-
-
-
E
ry
gt A= s
A tan A
tan A&
cos A= an
B sin A
tan A— Sif A
C cos &
tan A— c!:sﬁ
D sin A

Evaluate. Round your answer to the nearest
ten thousandth.

sin 300° - sin 173°

A. - 0.9879
B. 0.7986
C. 0.9879
D. - 0.7441



Evaluate. Round your answer to the nearest
ten thousandth.

sin 12° + cos 25°

A. 1.4007
B. 1.1142
C. 1.8844
D. 0.6305
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11th All Strands
Answer Key
03/12/2008

Matrices

Matrices

Linear Programming
Linear Programming
Conic Sections

Conic Sections

Complex Numbers
Complex Numbers

Three Dimensional Space
Three Dimensional Space

CPXAANRLBN=

.
[—]
EREREEEOPARISCAORRE TR > T

. Radians
12. Radians
13. Angles
14. Angles
15. Trigonometric Identities
16. Trigonometric Identities
17. Graphing Functions
18. Graphing Functions
19. Rational Expressions:
Add/Subtract
200 C Rational Expressions:
Add/Subtract
2. D Rational Functions:
Multiply/Divide
22, A Rational Functions:
Multiply/Divide

23. B Trigonometric Ratios - B
24, C Trigonometric Ratios - B
25. A Trigonometric Tables
26 B Trigonometric Tables
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Study Guide

11th All Strands
03/12/2008

Matrices

A matrix is a rectangular arrangement of objects.
Each object in a matrix is called an element. The
plural form of matrix is matrices. One use of
matrices is to store data, a second use is to describe
transformations of various geometric figures, and a
third use is to describe the pictures you see on
television.

The figure below is an example of data
stored in a matrix.

=hirts Fants =horts

Small 10 bt 2 | Bow 1
Medium 15 12 14 | Bow 2
Large 13 18 13| Row 3
Ex-Large 3 4 Eow 4
Column  Column Zolumn
1 2 3

is the element in the 4% row and 3 column
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The elements in a matrix are enclosed by
large square brackets. This matrix has 4
rows and 3 columns. The matrix is said to
have dimensions 4 by 3, written 4 x 3. A
matrix with m rows and n columns has
dimensions m x n. The dimensions of a
matrix can also be called the order of the
matrix. A square matrix is a matrix in which
the number of rows equals the number of
columns. Its dimensions are usually denoted
as"'nbyn" ornxn.

Matrix Addition and Subtraction:

In order to perform matrix addition, the two
matrices A and B must have the same
dimensions (order). Once it has been
determined that the matrices have the same
dimensions, their sum A + B is the matrix in
which each element is the sum of the
corresponding elements in A and B.

Example 1: Add the matrices.



Example 2: Subtract the matrices.

A
2 4
B =7
-1 3

(1)
[2+6] 4+3 3+8 1+10

7+4 B8+4 441 943 (= A+B
6E+5% 3+2 247 8+11

(2)
8 7 11 11
11 12 5 12|=A+B
15 5 9 19

For the element in the ISt rovr atud 1St colunn of
matrix 1 . 2 1sthe element in thEISt rovy
atud 1St column of mattix A while 6 iz the element

in the 1St rovr atud 1St column of matrix B

Step 1: Determine the order of each matrix.
Matrix A has order of 3 x 4. Matrix B has
order of 3 x 4. Since both matrices have the
same order, they can be added together. To
add the matrices together, we create a new
matrix. Each element in the new matrix is
the sum of the corresponding elements from
A and B. If the element in the new matrix is
in the 1st row and 1st column, then it is the
sum of the elements in matrices A and B
that are in the 1st row and 1st column.

Step 2: Determine each sum to complete the
new matrix.

Matrix subtraction is similar to matrix
addition. When you are given two matrices
A and B, their difference A - B is the matrix
in which each element is the difference of
the corresponding elements in A and B.
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(0
2-3 4-1 6--2
8——4 -7--8 1-3 |=A-B
-1-2  3-1 -2-6

(2)

-1 3 8

12 1 -2 |=A-B

-3 2 -8

For the elementin thelﬂ rovr ard 1St column of
matrix 1 . 21z the element in the 1St ror
atid 1St column of mattix & while 3 is the element

in the 1St tovr a.milSt column of mattix B.

Step 1: Determine the order of each matrix.
Matrix A has order of 3 x 3. Matrix B has
order of 3 x 3. Since both matrices have the
same order, they can be subtracted. To
subtract the matrices, we create a new
matrix. Each element in the new matrix is

the difference of the corresponding elements

from A and B. If the element in the new

matrix is in the 1st row and 1st column, then

it is the difference of the elements in

matrices A and B that are in the 1st row and

1st column.
Step 2: Determine each difference to
complete the new matrix.

HINT: When adding and subtracting
matrices, the final matrix should have the
same order (dimensions) as the two original
matrices.

Multiplying a Matrix by a Scalar:

A scalar is a real number by which a matrix
is multiplied. Scalar multiplication is the
product of a scalar k and a matrix A. This
product is a matrix kA in which each
element is k times the corresponding
element in A. Basically, this means that
every number in the matrix is multiplied by
the scalar.

Example 3: Multiply the matrix by the
scalar.
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(A

224?—1
-3 & -5 &

(1)

2.4 27 2.-1]_
= 5.6 2.-5 2-8}_1”"“&‘

(2)
4 8 14 -2
—6 12 -10 16

[
I

1
Al 1 2]
-2

|-

For the element it the 1St rowr atud 1St column i of

matrix 1, . the first 2isthe scalar while the

gecond 2is the element in the 1St rowr atud 1St

column of matrix A

Step 1: Multiply each element in the matrix
by the scalar (k = 2).

Step 2: Determine each product to complete
the new matrix.

Matrix Multiplication:

Matrix multiplication is the process of




multiplying one matrix by another matrix.
Matrix multiplication is completed by
multiplying a row by a column. Multiply the
first element in the row by the first element
in the column, the second element in the row
by the second element in the column, and so
on. Finally, find the sum of the resulting
products. Two matrices can only be
multiplied if the number of columns of A
equals the number of rows of B. See the
diagram below.

3 4116 =7 B & =7 B 3 4
-5 &% -8B 4 8 -8 41|-5 &
2w 2 23 2w 3 2w 2
'\_v_p' \ﬂ_ﬂ
Equal Mot Eogual
These matrices can These matrices carmot
be multiplied. be multiplied.

One important concept in matrix
multiplication is the ability to determine the
order (dimensions) of matrix AB. The
following is an explanation of how to
determine the order of matrix AB.

Definition:

Suppose A is an m x n matrix and B is an n
x p matrix. Then the order (dimensions) of
the matrix AB equals m x p.

Example 4: Matrix A has order 5 x 3.
Matrix B has order 3 x 2. Find the order of
the resulting matrix AB.

e))
(2
5x3 3x2
5x2
mxn nxp
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mx p

Step 1: Write the dimensions of the two
matrices in the order they are to be
multiplied. Remember, matrix A has order
m x n and matrix B has order n x p.

Step 2: If the n value is the same for both
matrices, the product of AB exists. Since n =
3 for both matrices, the order of matrix AB
is5x2.

Example 5: Matrix A has order 4 x 5.
Matrix B has order 3 x 4. Find the order of
the resulting matrix AB.

Q)]

2
4x5 3x4
Does not exist
mxn nxp

Step 1: Write the dimensions of the two
matrices in the order they are to be
multiplied. Remember, matrix A has order
m x n and matrix B has order n x p.

Step 2: Since the value of n is not the same
for both matrices, it is impossible to
multiply A by B and matrix AB does not
exist.

Now that we can determine the order of
matrix AB, it will be easier to multiply A
and B.

Example 6: Multiply the matrices.

(A) (B

R



(4
3 41 |67 [B]|_|54 -53 40
-5 6 5 -8 M||7|24 -13 FE18)

— 5. 8+6-4=—40+24=—16

(3)

54 =55 40}

AB = [24 -13 -15

(D (2)  Step 1: Find the dimensions (order) of AB.
3 4] |6 =7 8 3 4 7 g a matrix is being multiplied by a
AR = [ 5 5} {9 - 4} [ I -8 4 Eﬂmﬁtmx he order of the product is 2 x
2% 2 2% 3
* 8 3-6+4. 9—18"'%‘% $%p 2% The product of row 1 of A and

column1ofBis3x6+4x9=18+36=
54. This is put in the 1st row and 1st column

3 4 . -7 8 _[54 _ _} of the answer.
-5 6 9 -8 4| _ Step 3: The product of row 2 of A and
5 646.9=—304+54= o4 columg l.ofB.is-5x6+6x9=-30+54=

24. This is put in the 2nd row and 1st
column of the answer.
Step 4: The element in the 2nd row, 3rd
column of AB is found by multiplying the
2nd row of A by the 3rd column of B. -5 x 8
+6x4=-40+24=-16
Step 5: The other three elements of AB are
found using this row by column pattern.

(3)

Finding the Determinant of a Matrix:

The determinant of a matrix is a real number
and can be used to determine whether or not
a matrix has an inverse. The determinant can
only be found for a square matrix. We
abbreviate the word "determinant" as "det."

Definittion: Determinant of a 2x 2 matnx

Given a matriz A=|2 b . det a b = ac
c d c d
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Another notation for the determinant of
matrix A follows.

_la b
A= g
Example 7: Find the determinant of the
matrix.
|4 &
A=|% g]
(I)a=4,b=6,c=-2,d=3
(2) determinant A = ad - be
(3)detA=(4x3)-(6x-2)
(4)detA=12--12=12+12
=24

Step 1: Using the definition of a determinant
above, find the values of a, b, ¢, and d.

Step 2: Select the correct formula for finding
the determinant.

Step 3: Substitute the values of a, b, ¢, and d
into the formula for the determinant.

Step 4: Following the order of operations,
multiply 4 by 3 to get 12. Then multiply 6
by -2 to get -12.

12 - -12 becomes 12 + 12. Add 12 and 12 to
get 24.

The determinant of matrix A equals 24.

The determinant of a 3 x 3 matrix is as

follows:
a b ¢

e [ L c b ¢
; ; f‘ah i_d‘h i|Tele £

Example 8: Find the determinant of the
matrix.
4 -1 0
3 2 =2
-5 =7 5
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Ma=4db=-Lc=0d=3e=2f=-2g=-
2 2| _|-1 0 100

-7 5 —7 5 2 =z

(3) 2[2(5 - -2(-D]-3[-1(5) - 0(-N] +-5]-

(4)4[10 —14] =3[ -5+0]+ 5[ 2-0]

() 4[4]-3[-5]+-5[2]

(6) —16+15+-10 =11

(2)4‘ ‘—3‘ ‘+—5‘

Step 1: Using the definition of a 3 x 3
determinant, find the values of a, b, ¢, d, ¢, f,
h, and 1.

Step 2: Substitute the values of a, b, ¢, d, e,
f, h, and 1 into the formula for the
determinant of a 3 x 3 matrix.

Step 3: Using the definition of a 2 x 2
matrix, find the determinants of the 2 x 2
matrices.

Step 4: Following the order of operations,
multiply the values inside the parentheses.
Step 5: Following the order of operations,
add or subtract the values inside the
parentheses.

Step 6: Multiply the values and then add
them together to get -11.

Answer: -11

Solving a System of Equations Using
Matrices:



A system of equations is a group of two or
more equations that are related to each other.
The solution set of a system of equations is
often an ordered pair of the form (x, y). That
ordered pair is a solution to both equations
of the system. The ordered pair (-2, 12) is a
solution of the system:

x+y=10

2x ty=28
because (-2, 12) satisfies both equations as
shown below.

x+y=10 2x
+y=38
-2+12=10 and 2(-2)+
12=28
10=10
&8=28
true
true

A solution set of a system of 3 equations is
often an ordered triple of the form (x, y, z).
If (3, 4, 5) is the solution to a system, it is
acceptable to express the answeras x =3,y
=4, and z=5.

Solving a system of equations using
matrices involves writing the equations in
the form of a matrix and then solving for the
value of the variables using row elimination.

Example 9: Solve the following system of
equations using matrices.

2x+4y+z=5
Xx+3y+2z=2
4x-y-z=-3

It is possible to represent this system as a
matrix equation.

54 1 %
1 3 2| « |y
4 -1 -1 z

coefficient matriz constant mati;

The coefficient matrix is the matrix which
represents the coefficients of the variables in
each equation. A coefficient is a number that
is multiplied by a variable. The constant
matrix is the matrix which represents the
constant terms that the matrices equal.

There are two methods for solving a system
of equations using matrices. One of those
methods involves determining the inverse of
the matrix, multiplying the matrix by the
inverse, and solving for the values of the
variables. The other way to solve systems of
equations using matrices is using the process
of row elimination. The method we are
going to explain is row elimination. We
chose this method because it is more
straight-forward and involves less confusing
steps.

Row elimination is the process of
performing addition, subtraction,
multiplication, and division on the rows of a
matrix until the matrix is in the form of the
identity matrix.

Tdentity 3w Smatrizx:

1 00
o1 0
oo 1

Tdentity 2 2 matri:

5 3]

2 4 1|5
(3 2|2
4 -1 -1-3

Step 1: The first step in solving systems of
equations using row elimination is to write
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the coefficient matrix and the constant
matrix as one matrix. This is accomplished
by writing the coefficient matrix, drawing a
vertical line after the last column of the
coefficient matrix, and then writing the
constant matrix. The vertical line separates
the two matrices because they will need to
be broken apart again once the coefficient
matrix is in the form of the identity matrix.
The vertical line is sometimes drawn as a
dotted line instead of a solid one.

(&) FEow 1— Fow 2

2-1 4-3 1-2
1 3 2
4 -1 -1

s5-2] [1 1 -1
2 |=|1 3 2
3| [4 -1 1

Step 2: Subtract Row 2 from Row 1 to make
the element in the 1st row and 1st column
equal 1. When adding or subtracting a row
from another row, add or subtract the
corresponding elements. For future
reference, the new row 1 that is created by
this operation is now referred to as "row 1."

(2 FEow 2— EFEow 1
1 1 -1
1-1 =2-1 2--1
4 -1 -1

3 11 -1
2-3[=l0 2 3
3| [4 -1 1

3
2
-3

Step 3: Subtract Row 1 from Row 2 to make
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3
-1
-3

the element in the 2nd row and 1st column
equal 0. If you look at the new matrix, you
will notice that part of it is now in the form
of the identity matrix. We must be careful
not to change the two elements we have
already put in the form of the identity
matrix.

 Eow 2—4 (FEow T)
1 1 -1 3 1
0 2 3 -1 =|0
4-4 -1-4 -1--4|-3-12 0

1
-5

Step 4: Multiply Row 1 by 4 and subtract
that product from Row 3. This will make the
element in the 3rd row and 1st column equal
to 0. Now the 1st column is in the form of
the identity matrix. When multiplying a row
by a number, remember to multiply each
element in the row by the stated number.

(M Eow 34+ 2 (BEow &

1 1 -1 3 1
0 2 3 -1 =0 =z
O+0 —-5+4 346 | -15+-2 0

Step 5: Multiply Row 2 by 2 and add that
product to Row 3. This step does not put any
element of the matrix in the form of the
identity matrix, but it does allow us to add
Row 3 to Row 1 and Row 3 to Row 2 which



will put elements in both of those rows in
the form of the identity matrix.

{8y REowi3+7
1 0 2 14 1
0 1 12 12 |=|o
0+7 0+7 21+7| —25.7 0

Step 8: Divide Row 3 by 7 to reduce the size
of the numbers. Dividing by 7 was chosen

(6) Rowl+Row 3 andRow 2+ Fow 3 because 21 and -35 are both divisible by 7.

140 1+71 “1+9| 3+717 1 o g| 14
0+0 2+71 349| 71+717|=|0 1 12| 718
0 1 9 "17 0 "1 9| "17

Step 6: Add Row 3 to Row 1 to make the

element in the 1st row and 2nd column equal

0. Add Row 3 to Row 2 to make the element

in the 2nd row and 2nd column equal 1. Half

of the matrix is now in the form of the

identity matrix. (%)  Row 1-3(Fow 3)and Row 2— 4 (Row3

1-0 0-0 8-9%] 14-"715 ;
0—0 1-0 12—12| ~18—"20|=|¢
0 0 3 - [

Step 9: Multiply Row 3 by 3 and subtract
that product from Row 1. This will make the
element in the 1st row and 3rd column equal
-1 (while this is not matrix identity form, it
will make the element easier to manipulate
later). Then multiply Row 3 by 4 and

7 Eow 2+ Fow?2 i
(7} Row o btract that product from Row 2. This will

1 0 8 14 1 0 8| 1l4make the element in the 2nd row and 3rd
0 1 12 18 (=0 1 12| "lzplumn equal 0. Now the matrix is almost in
0+0 "1+1 %+12| 717+718 | (0 U 21 “3%He form of the identity matrix.

Step 7: Add Row 2 to Row 3 to make the
element in the 3rd row and 2nd column
equal 0.
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(10) Row 3+ 3
1 ] -1 1 1 0 =111
] 0 0 2 =0 1 10 2
D+3 0+3 3+3|-5+13 00 1 -5
3
Step 10: Divide Row 3 by 3. This will make
the element in the 3rd row and 3rd column
equal 1. Now, only one element of the
coefficient matrix is not in matrix identity
form.
(11 Eow1+Eow 3
=
1+0 0+0 "1+t 1t [1 0 o
0 1 ] 2 =|0 1 0
o 0 1| -5 00 1
3

Step 11: Add Row 3 to Row 1 to make the
element in the 1st row and 3rd column equal
0. Now the coefficient matrix is in the form
of the 3 x 3 identity matrix.
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1 00
o1 0

2
3
p
00 1 -5

Sk

Step 12: Separate the coefficient (identity)
matrix from the constant matrix. Write the
matrices as a matrix equation once again.

x=—2
3
(13) v=2
z:—i
3

Step 13: Multiply the coefficient matrix and
the variable matrix. The final result is the
solution to the system of equations.

It is important to note that row elimination
has no distinct pattern. It is accomplished
simply by manipulating the rows of the
matrix to try to get the identity matrix.

Linear Programming

Linear programming is the process of finding
maximum or minimum values under limiting
conditions or constraints. Linear programming is
used to find the best possible combination of two or
more variable quantities that determine the value of
another quantity. The constraints are the conditions
that limit the possible maximum and minimum

%a ues. Linear programming is often used to

etermine the amount of a product a company

4hpuld manufacture/use to minimize/maximize

:Jé:r fits.

One of the most important concepts needed
to do linear programming is graphing
inequalities. The following is a detailed
description of how to graph an inequality.

Example 1: Graph the following inequality.

x+Ev =6
Step 1: To graph an inequality, we must
pretend the inequality is an equation. We
would pretend that
x+3E3v = &was x+ 3y = 6

Step 2: Now, we



graph x + 3y = 6. To do this, we create a
table of values. A table of values is a table
that lists the values of x and corresponding
values of y. To determine the values of x
that should be represented in the table, we
simply choose 3 values. It is helpful if one
of the values of x is positive, one is
negative, and the third value of x can be
positive, negative, or zero.

tahle XY choose XY

of any 3 -3

values values 0
for X 3

To determine the values of y, substitute each
value of x into x + 3y = 6 and solve for y.

Page 17

H=-23 x=10 x=13
343y =48 043y =6 243y =46
+3 +3 3y =6 -3 -3

Ay =9 3 3 3y =
) 3
y=3 y=14 y =
_:»; g This is the
final tahle
012 of values
31 )

Step 3: Now that we have a table of values,
we can make ordered pairs (coordinate
points). All ordered pairs are written in the
form (x, y). The table of values can be easily
written as ordered pairs:

X|v Ordered Pair
3|3 — (=33
0|2 — (03

31 —= (3D

Step 4: Now, we graph the ordered pairs on
a coordinate plane. Remember, the x-value
of the ordered pair determines the left (-x) or
right (+x) movement, while the y-value
determines the up (+y) or down

(-y) movement. Always graph the x-value
first, then move from that point up or down
to the y-value.
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W4
3
(0,2)

-Nl}

FEFEE RN EEPEY:
At
At
4t
&t
Step 5: After the three points are graphed,
connect them with a straight line. It is often
helpful to label this line with its equation.
(See the graph above.)
Step 6: The graph of an inequality is always
a shaded half-plane. To determine the half of
the coordinate plane that needs to be shaded,
choose a test point that does not lie on the
graph of the line (usually the test point is
(0,0)). Substitute the test point into the
original inequality and simplify. If the
answer is true, shade from the graph of the
line toward the test point. If the answer is
false, shade the graph of the line away from
the test point.
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NOTE: It may be helpful to note that the
inequality x + 3y < 6 would require a dotted
boundary line instead of a solid boundary
line because the value of x + 3y can never be
equal to 6.

Now that you know how to graph an
inequality, we can find the maximum or
minimum of a function.

Example 2: Find the minimum and
maximum values of C = 3x + 4y using the
following constraints.

220

v =0

3+ 2y =12
Step 1: The equation C =3x + 4y is
considered the cost function. This is the
function we are trying to minimize and
maximize. We do not need to use this
function until we determine possible values
for the variables x and y.
Step 2: To determine possible values for x
and y, we must graph all the constraints on
one coordinate plane.
Step 3: Shade in the feasible region. The
feasible region is the set of solutions to a
system of linear inequalities. The Linear-
Programming Theorem states that if the
feasible region of a linear programming
problem is convex, then the maximum or
minimum quantity is determined at one of
the vertices of the region. The feasible
region of the constraints graphed above is
shaded in dark. The feasible region is the
region bounded by the graphs such that the
shading from all graphs cross each other.




Step 4: Determine the vertices of the
feasible region. A vertex of a feasible region
is a corner point where two of the boundary
lines graphed intersect each other. In the
graph below, A, B, and C are the vertices of
the feasible region.
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Vertex A is determined by finding the point
where x = 0 and 3x + 2y = 12 intersect each
other. Calculate the value of y in 3x + 2y =
12 when x = 0.

3(0) +2y =12
2y =12
y=6

Vertex A is the coordinate point (0, 6).

Vertex B is determined by finding the point
where x = 0 and y = 0 intersect each other.
Vertex B is the coordinate point (0,0), the




origin.

Vertex C is determined by finding the point
where y = 0 and 3x + 2y = 12 intersect each
other. Calculate the value of x in 3x + 2y =

12 when y = 0.

3x+2(0)=12
3x=12
x=4

Vertex C is the coordinate point (4,0).

Step 5: Determine the minimum and
maximum values of the equation C =3x +
4y. The Linear-Programming Theorem says
that the minimum and maximum values of C
= 3x + 4y occur at vertices of the feasible
region. Evaluate the equation C = 3x + 4y at
each vertex. This involves substituting the
values of x and y at each vertex into C = 3x
+ 4y and calculating the value of C.

Vertex A (0,6): 3(0) +4(6) =

0+24=24

Vertex B (0,0): 3(0) +4(0) =
0+0=0

Vertex C (4,0): 3(4) +4(0) =
12+0=12

The maximum value of C = 3x + 4y is 24
because that is the largest number calculated
when the vertices are substituted into the
equation. The minimum value of C =3x +
4y is 0 because that is the smallest number
calculated when the vertices are substituted
into the equation.

Example 3: A clothing factory produces
casual shirts and dress shirts. Not more than
800 shirts can be made per hour and
production may not cost over $8,000 per
hour. It costs $5 to make a casual shirt and
$16 per dress shirt. The profit is $1.25 per
casual shirt and $4.00 per dress shirt. If x is
the number of casual shirts made per hour
and y is the number of dress shirts made per
hour, what is the maximum value of the
profit function P = 1.25x + 4y?
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Step 1: Determine the constraints of the
problem. Since the problem is about shirts
and it is not possible to have a negative
number of shirts, ® = © and ¥ = 0.\We algo
know that 800 is the maximum number of
shirts that can be produced per hour, so
x+y =800 The final constraint is that

production cost may not exceed $8,000, so
Sxz + 16y < B000.

=0

v =0
z+v = 800

Sx 4 16y = 8000

Step 2: Follow the steps in Examples 1 and
2 to graph the four constraints. Then shade
in the feasible region. Since x and y must
both be greater than or equal to 0, it is only
necessary to show the part of the coordinate
plane where x and y are positive.



I (4) (B)
1600 1 x+ y= 200 5 + -5y = —4001
1500 1 + S+ 16y = 8000 + Sx+ley= 800
};gg I 11y = 400
| (C) (D)
1200 i
1100 | 1y _ 4000 x+y= 800
11 11 X+ 363.64= 800
1000 1 ~361.64 —363.6
200 7 363,64
o : =
300 1 = 430.3
700 1 Step 3A: To determine where the two graphs
ggg ' intersect, we must solve the system of

equations. Write the two equations one on

400 top of the other.
300 Step 3B: Multiply the top equation (all three

terms) by -5. This will allow us to add the

two gquations together and eliminate the
Sraunbid §Qy 4000.

g @ D1V1de both sides of the equation

By< 1. This gives us the value of y. (It is
generally respected to round decimal
numbers to two decimal places.)
Step 3D: Substitute the value of y into one
of the two equations. The equation x +y =
800 was chosen because it is a simpler
equation. After substituting the value of y
into the equation, solve the equation for the
value of x by subtracting 363.64 from each
side of the equation to get x =436.36 and y
=363.64.

|_|
S &
= L]
0

Step 3: Determine the vertices of the
feasible region. Three of the four vertices
are easily distinguishable. Vertex A is (0,0),
Vertex B is (0,500), and Vertex D is (800,0).
To determine the coordinate point of Vertex
C, we need to determine where the graphs of
x +y =800 and 5x + 16y = 8000 intersect.

The four vertices of the feasible region are:
Vertex A: (0,0)
Vertex B: (0,500)
Vertex C: (436.36,363.64)
Vertex D: (800,0)

Step 4: Substitute the x and y values from
each vertex into the profit function P =
1.25x + 4y to determine the maximum value
of the function.

Vertex A (0,0): 1.25(0) + 4(0)
=0+0=0

Vertex B (0,500): 1.25(0) +
4(500) = 0 + 2000 = 2000

Vertex C (436.36,363.64):
1.25(436.36) + 4(363.64) = 545.45 +
1454.56 = 2000.01

Vertex D (800,0): 1.25(800) +
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4(0) = 1000 + 0 =1000

The maximum value of the profit function
is 2000.01 because that is the largest result
of substituting the vertices into the profit
equation P = 1.25x + 4y.

NOTE: The maximum value may be larger
than 2000.01 if 4000/11 is not rounded in
Step 3C.

Conic Sections

A conic section is a cross-section of a double cone.
Conic sections can be circles, hyperbolas,
parabolas, or ellipses.

Writing the Equation of A Circle:

A circle is a set of points in a plane that lie
the same distance from a fixed point called
the center. The radius of a circle is the
distance from the center of the circle to any
point on the circle.

cetiter

radius
The standard form of the equation of a circle
with center at (h, k) is
_ ] _ 2 2 .
(== H{y—k) =1 Ghere ris the
radius.

Example 1: Write the equation of a circle
with center at (4, 2) and radius equal to 3.

0 E-4H*+y-2° =37
(2 E=-H*+(y-20"=9
Step 1: Substitute the values into the
equation (h=4,k=2,r=3).
Step 2: Square the value of the radius.

Example 2: Write the equation of a circle
with center at (-1, -8) and radius equal to 1.
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O -+ -8 =0
(2) E+D4+r+H%=1
Step 1: Substitute the values into the
equation (h=-1,k=-8,r=1).
Step 2: Square the value of the radius and
simplify the values in the parentheses.

Writing the Equation of a Parabola:

A parabola is the graph of a symmetrical
curve. Every parabola has a focus. The focus
is the point (not on the parabola) from which
every point on the parabola is equidistant.
Parabolas also have a directix. The directix
is the line whose distance to any point on a
parabola is equal to the distance from that
point to the focus. In the diagram below, the
distance from point P1 to the focus is the
same as the distance from point P1 to the
directix.



+ Axis of symmetry
Parahola
(Focus)
Pl F
P3
I+ n§
Directic] Q1 Q2 | \ Q3
Vertex

The standard form of a parabola with vertex
at (h, k) is:

Wertical axis: (= —h]2 =dpiy —k);, When the focus =(h k +p)
Horizontal axis: (v — 1-:]2 =4dpix —h);, When the focus = th+p, k)

In the equation for the standard form of a
parabola, p is the distance from the vertex to
the focus. If the parabola opens downward
or to the left, p will be negative.

Example 3: Write the equation of the
parabola in standard form with a vertex at
(6, -4) and focus at

(6, 2).

Step 1: Determine the axis of the parabola.

To do this, sketch the vertex and the focus of
the parabola.
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4 6.2)

2 +* —Focus
-5 -4 —2_2 2406 3%

-4 + —Vertex

PR )

The axis of this parabola is vertical. We can
determine this by noting that if we connect
the vertex and focus of the parabola we will
get a vertical line.

Step 2: Determine the value of p by
determining the distance between the vertex
and the focus. The distance between 2 and -
41is 6,s0 p =06.

Step 3: Determine the values of h and k. h =
6 and k = -4 (these values are found using
the vertex).

(4) (= —6)* = 4By ——)
(5) (x —6)° = 24(y + 4

Step 4: Substitute h=6,k=-4,andp =16
into the equation for the standard form of a
parabola with a vertical axis.

Step 5: Multiply 6 by four and simplify the
values in the parentheses.

Example 4: Write the equation of the
parabola with a vertex at (-2, 1) and focus at
(4.1).

Step 1: Determine the axis of the parabola.
To do this, sketch the vertex and the focus of
the parabola.



The axis of this parabola is horizontal. We
can determine this by noting that if we
connect the vertex and focus of the parabola
we will get a horizontal line.

Step 2: Determine the value of p by
determining the distance between the vertex
and the focus. The distance between -2 and
41is 6,s0 p =06.

Step 3: Determine the values of h and k. h =
-2 and k = 1 (these values are found by
looking at the vertex).

) 5 —1% =46z ——2)
(5) (7 — 1% = 24(= + 2
Step 4: Substitute h=-2, k=1,andp =16
into the equation for the standard form of a
parabola with a horizontal axis.
Step 5: Multiply 6 by four and simplify the
values in the parentheses.

Writing the Equation of an Ellipse:

An ellipse is a closed two-dimensional plane
figure that is oval in shape. Every ellipse has
two axes. The two axes lie on the symmetry
lines and intersect at the center of the
ellipse. One of the axes is the major axis.
The major axis contains the foci, has two
vertices of the ellipse as its endpoints, and is
always longer. The other axis of an ellipse is
called the minor axis. The minor axis does
not contain the foci and has two vertices of
the ellipse (the co-vertices) as its endpoints.
(See the diagram below.)
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The standard form of the equation of an

ellipse:



2 2
Vertical astis (X_zh:l +[F_2k:I =1
[

2 2
Horizontal ams: [X zh:l + [Y zk:l =1
a [
* (h, k) is the center of the ellipse, a > b, and
c? = a’ —b% « To find the center of the
ellipse, find the midpoint of the vertices.
* The distance from the vertices to the center
is *a. » The distance from the center to the
co-vertices is =b. ¢« The distance from the
foci to the center is *=
Use the following formula to find the
midpoint of two points, 1. ¥}
(Xl TH: N +3"2]
2 2
Example 5: Write the equation of the ellipse
with vertices at (0, 5) and (0, -5) and foci at
(0,3) and
(0, -3).

Step 1: Determine the center of the ellipse
by finding the midpoint of the vertices using
the midpoint formula given above.

(&) (B) (<)
(2252) (29 ©

Step 1A: Substitute the values from the
vertices into the formula for the midpoint of
a line.

Step 1B: Simplify the numerators of the
fractions (0 +0=0and 5 +-5=0).

Step 1C: The midpoint of the vertices is (0,
0).

The center is (0, 0) and h=0, k= 0.

Step 2: Determine whether the ellipse has a
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vertical or horizontal major axis. The foci
are on the vertical axis of the ellipse, so the
appropriate equation is the standard form of
an ellipse with a vertical axis.

2 2
(= ;2}1) + (y ;21{) =1, where c? = a®— b
Step 3: Determine the values of a, b, and c. a
is the distance from the vertex to the center,
b is the distance from the co-vertex to the
center, and c is the distance from the foci to
the center. In this case, we can determine a =
5 and ¢ = 3. To determine the value of b, we
substitute a = 5 and ¢ = 3 into the equation

c?=a? -t

(A (B) (C

c? = a? -2 g=25-b%  f6
+4

4

@ =@ 16=1’

)
Jb
b
b

Step 3A: Substitute the valuesa =5 and ¢ =
3 into the equation. Then square each value.
Step 3B: Solve for . Step 3C: Take the
square root of each side of the equation.
Only the positive value of the square root is
needed, so b =4.

Step 4: Substitute the values of h =0, k=0,
a=1>5, and b =4 into the equation for the
standard form of an ellipse with a vertical
axis and simplify to determine the equation
of this ellipse.



(4 (B)
:-0%, G-07_, 27
) 3 16 25

Example 6: Write the equation of the ellipse
with vertices at (5, 0) and (-3, 0) and co-
vertices at

(1,2) and (1, -2).

Step 1: Determine the center of the ellipse.
Either the vertices or the co-vertices can be
used to determine the center. In this
example, the vertices will be used. Use the
formula for the midpoint to determine the
center.

(4) (B) (<)
(£2.950) (28 oo

Step 1A: Substitute the values from the
vertices into the formula for the midpoint of
a line.

Step 1B: Simplify the numerators of the
fractions (5 +-3=2and 0 + 0 =0).

Step 1C: The midpoint of the vertices is (1,
0).

The centeris (1,0)and h=1,k =0.

Step 2: Determine whether the ellipse has a
vertical or horizontal major axis. The
vertices are on the horizontal axis of the
ellipse, so the appropriate equation is the
standard form of an ellipse with a horizontal
axis.
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2 2
(= ;2}1) + v _21{) =1, where e
Step 3: Determine the values of a and b. a is
the distance from the vertex to the center
and b is the distance from the co-vertex to
the center. In this case, we can determine a =
4 and b = 2. We do not need to determine
the value of ¢ this time, because we know
the locations of the vertices and the co-
vertices.

Step 4: Substitute the values of h=1, k=0,
a=4, and b = 2 into the equation for the
standard form of an ellipse with a horizontal
axis and simplify to determine the equation
of this ellipse.

(4] (B)

2 2 2,2
(X—;) +(Y—2) _q Sl VI
“h =) 16 4
Writing the Equation of a Hyperbola:

A hyperbola is a plane figure that has two
branches and is composed of the set of all
points in which the difference of their
distances from the two fixed points is a
constant. Hyperbolas also have vertices,
foci, an axis of symmetry, and a center. The
axis of symmetry can either be horizontal or
vertical. Hyperbolas also have asymptotes.
An asymptote is a line that the branches of a
hyperbola approach, but never cross.
Asymptotes are denoted using dotted lines.
See the diagram of a hyperbola with a
horizontal axis of symmetry below.



Vertical axis [Y _1{:'2 _ [X _h:lz -1
of Symmetry 7% b -

Horizontal aomis [X _h:lz [Y _k:lz —1
of Symmetry 22 B
(h, k) is the center of the hyperbola. To find
the center of the hyperbola, find the
midpoint of the vertices. The variable a is
the distance from the vertex to the center, b
is the distance from the vertex to the
asymptote, and c is the distance from the
center to the point on the asymptote that the
vertex connects with (it is also the distance
from the center to the foci). The values of a,
b, and ¢ make a right triangle and the values
of a, b, and ¢ can be found using the

Bythagorean Theorem: a® +b* =

Example 7: Write the equation of the
hyperbola with vertices at (-6, 4) and (6, 4)

Axis of 4nd foci at
Symmetry| 11, 4) and (11, 4).

< Asymptote

Asymptote” ™

lyperbola by finding the midpoint of the

:'E)tep 1: Determine the center of the
h
yertices.

The box in this diagram is intended only to
help you determine the values of a, b, and c.
It will not appear in all graphs of
hyperbolas.

The equation of a hyperbola:
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Step 1A: Substitute the values from the
vertices into the formula for the midpoint of
a line.

Step 1B: Simplify the numerators of the
fractions (-6 + 6 =0 and 4 + 4 = 8).

Step 1C: The midpoint of the vertices is (0,
4).

The center is (0, 4) and h=0, k = 4.

Step 2: Determine whether the hyperbola
has a horizontal or vertical axis of
symmetry. This can be accomplished by
graphing the vertices and drawing the line
between them. If the line is horizontal, the
hyperbola has a horizontal axis of symmetry
and if the line is vertical, the hyperbola has a
vertical axis of symmetry. In this case, the
hyperbola has a horizontal axis of
symmetry. So, we will use the following
equation.

-h? @-k?
a” b B

Step 3: Determine the value of a and b. a is
the distance from the vertex to the center, so
a = 6. In order to determine the value of b,
we are going to have to use the Pythagorean
theorem and the value of c. The distance
from the foci to the centeris ¢, soc=11.
Now we can substitute a= 6 and ¢ = 11 into

the Pythagorean theorem to solve for &
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(A) (B
c? =a+b? 121= 236 +b*
(A0% = B2 +b2 85= b’
Step 3A: Substitute a =6 and ¢ = 11 into the

Pythagorean theorem.
Step 3B: Square the 6 and the 11 and solve

for b*.

Step 4: Substitute the appropriate values into
the standard form for the equation of a
hyperbola with a horizontal axis of

symmetry & =0k =4.a =8 and b2 = 85).
) ®)
-0 o-9°_ | P2 - _,

(6)° 85 26 85

Example 8: Write the equation of the
hyperbola with vertices at (5, 3) and (5, -3)
and foci at (5, 7) and (5, -7).

Step 1: Determine the center of the
hyperbola by finding the midpoint of the
vertices.

(A) (B) (<)
(2259 (29) G0

Step 1A: Substitute the values from the
vertices into the formula for the midpoint of
a line.

Step 1B: Simplify the numerators of the
fractions (5 +5=10and 3 + -3 =0).

Step 1C: The midpoint of the vertices is (5,
0).

The center is (5,0)and h=5,k=0.

Step 2: Determine whether the hyperbola
has a horizontal or vertical axis of



symmetry. This can be accomplished by
graphing the vertices and drawing the line
between them. If the line is horizontal, the
hyperbola has a horizontal axis of symmetry
and if the line is vertical, the hyperbola has a
vertical axis of symmetry. In this case, the
hyperbola has a vertical axis of symmetry.
So, we will use the following equation.

y-8® ®-n?_,
a’ b2
Step 3: Determine the value of a and b. a is
the distance from the vertex to the center, so
a = 3. In order to determine the value of b,
we are going to have to use the Pythagorean
theorem and the value of c. The distance
from the foci to the centeris ¢, soc="7.
Now we can substitute a =3 and ¢ = 7 into

the Pythagorean theorem to solve for &

(A) (B)
c?=a+b* 49 =9 +b*
(732 = (32 + b2 40 = b*

Step 3A: Substitute a =3 and ¢ = 7 into the
Pythagorean theorem.

Step 3B: Square the 3 and the 7 and solve
for b*.

Step 4: Determine the equation of the
hyperbola.

(A (B)
-0° =-9°_ v _m-9_,
(3% 40 9 40
Step 4A: Substitute the values into the
equation

(h=5%k=0a=3andb”=40). g 4B:

Square the value for a and simplify.

Classifying Conics:
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To classify a conic, find the discriminant of
the equation
Ax?+Buy+Cy +Dx+Ey +F=0
To find the discriminant use the following
formula.
B* —4acC

(a) If the discriminant is <0 and A =

C, the conic is a circle.

(b)

Ifthe dizscriminantis < 0 and A = O, the conic

(c) If the discriminant is > 0, the
conic is a hyperbola.

(d) If the discriminant = 0, the conic
is a parabola.

Example 9: Classify the conic.

e - Puy—dv i 4+ Sk -3y —6=0

(I (<) (2)

A=3B=-2 (2°%-43(—) 4-(—48)
C=4 D=5 4+48

’ 52
E=3F=46

Step 1: Assign values for each letter.

Step 2: Find the discriminant by substituting
into the formula B* —4AC Step 3: Square -2
(-2 x -2 = 4) and multiply 4(3)(-4) = -48.
Change the problem from -(-48) to + 48 and
add. The discriminant is 52.

Since the discriminant is positive, the conic
is a hyperbola.

Example 10: Classify the conic.

44 By + 9y  — 152 —24v +16= 10



(1) (2) (3)

A=1B=6 6% - 4@ 36-36
C=9 D=-15 0
E=-24 F =16

Step 1: Assign values for each letter.
Step 2: Find the discriminant by substituting

into the equation B* —44C Step 3: Square
the 6 (6 x 6 = 36) and multiply 4(1)(9) = 36.
Subtract 36 from 36 to get 0.

Since the discriminant is zero, the conic is a
parabola.

Example 11: Classify the conic.

9+ 9y 4+ 9x+10y—7 =10

(1) (2)
9% 4+ 0xy + 97 + 9x+ 10y -7 =0 A=9B=0
C=9D=9
E=10,F=-7

3) (4)

0% — (9% 0-324

-324

Step 1: Rewrite the equation in standard
form.

Step 2: Assign values for each letter.

Step 3: Find the discriminant by substituting
into the equation B* —44C Step 4: Square 0
(0 x 0 = 0) and multiply 4(9)(9) = 324.
Subtract 324 from 0 to get -324.

Since the discriminant is negative and A =
C, the conic is a circle.

Example 12: Classify the conic.

fx+ve—12v+222=0
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(1) 2)

2us +lEy +v° +6x —12y +0=10 A =2F
C=1D

E=-1.

3) )

(0y% — 4(2)(1) 0-:

—&

Step 1: Rewrite the equation in standard
form.

Step 2: Assign values for each letter.

Step 3: Find the discriminant by substituting
into the equation B* —44C Step 4: Square 0
(0 x 0 =0) and multiply 4(2)(1) = 8.
Subtract 8 from 0 to get -8.

Zince the discriminant is negative and & = C, 1

Complex Numbers

Descartes (a mathematician and
philosopher) called the square roots of
negative numbers imaginary numbers, in
contrast to the numbers everyone
understood, which he called "real numbers."
Another mathematician (Euler) used the
symbol "i" to denote imaginary numbers.

Definition: 1 =-/—1
It is assumed that imaginary numbers have



the same properties as other numbers. They
can be added, subtracted, multiplied, and
divided.

Example 1: Simplify.

J=25
() /=25 = /251

(2 V251 = J25e—1
(3 V25 =45 1=i

(4) +/—25 = 454 = 5
Step 1: The square root of -25 can be
rewritten as the square root of the product of
25 and -1.
Step 2: The square root of 25 times -1 can be
rewritten as the product of the square root of
25 and the square root of -1.
Step 3: The square root of 25 equals +5 or -5
(5 x 5=25 and -5 x -5x=25). The square
root of -1 equals i (see the definition of i
above).
Step 4: The square root of -25 equals +5 or -
5 times i.

The correct answer is *35t.
Adding and Subtracting Complex
Numbers:

A complex number is a number in the form
a + bi, where a and b are real numbers and i
= the square root of -1. Adding and
subtracting complex numbers is similar to
collecting like terms in that only imaginary
numbers can be added to or subtracted from
imaginary numbers. For example, 2i + 31 =
51, but 2 + 3i cannot be simplified.

Example 2: Combine the complex numbers.
(3 + 4i) + (-7 -61)

(1)3+4i-7-6i1
(2) (3-7) + (41 - 61)
(3)-4+-2ior-4-2i

Step 1: Write the complex numbers out as
one long problem.

Step 2: Combine the real numbers in one set
of parentheses, and the imaginary numbers
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in another set of parentheses.

Step 3: 3 -7 =-4 and 4i - 61 = -2i, so (3 + 4i)
+ (-7 -6i) equals -4 + -2i. -4 + -2i can also be
written

-4 - 2i.

The correct answer is -4 - 2i.

Example 3: Combine the complex numbers.
(10 +7i) + (4 - 9i) - (2 - 4i)

(1) 10+ 7i+4-9i -2 +4i
(2) (10 + 4 - 2) + (7i - 9i + 4i)
(3) 12 + 2i

Step 1: First, distribute the subtraction
symbol through the terms in the third set of
parentheses (this involves changing the sign
of every number in the set of parentheses: 2
becomes -2 and -4i becomes +41). Then write
the complex numbers out as one long
problem.

Step 2: Combine the real numbers in one set
of parentheses and the imaginary numbers in
another set of parentheses.
Step3:10+4-2=12and 7i - 91 + 4i = 2i,
so (10 + 7i) + (4 - 91) - (2 - 4i) equals 12 +
2i.

The correct answer is 12 + 21i.
Multiplying Complex Numbers:

There are two types of problems which
require multiplying complex numbers. One
of those types is multiplying a complex
number by a constant factor. The other type
is multiplying a complex number by another
complex number. When multiplying
complex numbers, it is important to
remember the following definition.



Definition: i° = -1

Proof: i:~.|"'—_1 .
2= (V1) =1

Example 4: Multiply. 2i(3 + 7i)

(A Z3+% 7

(2) 6 +147

(3) 6 +14(- 1)

4 =14 + 64
Step 1: Distribute the 2i to each term in the
parentheses. This involves multiplying each
term in the parentheses by 2i.
Step 2: To multiply an imaginary number
by a real number or by another imaginary
number, first multiply the real numbers.
Then multiply the i's. 2ix3=2x3x1=6i
and 2 =7 =2=7xi=i=14"Gtep 3: It is
known that i* = —1. Substitute -1 into the
problem in place of the i*. Step 4: Multiply
14 by -1. Write this number first because
complex numbers are always written with
the imaginary number last (a + bi). Then add
the 61 to the end.

The correct answer to 2i(3 + 7i) is -14 + 6.

Multiplying a complex number by a
complex number is much like using the
FOIL Method to multiply a binomial by a
binomial. The FOIL Method states that the
First terms of each complex number are
multiplied, then the Outer terms of each
complex number are multiplied, next the
Inner terms of the complex numbers are
multiplied, and finally, the Last terms of the
complex numbers are multiplied. See the
diagram below.

--'-_F'_.-‘-_‘L_"---
(Ea + kl:-fij (3 + bf}
|/ l:\ I;'I \I
. A
e G
Example 5: Multiply. (2 + 51)(3 + 41)
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(1) (2)
F o 2:3=46 648 +15 +200° 6+
] 2edi =81
I SMe3=1%
L Siedi=20°
(4) (5)

6423 +20(-1) 6+ 23— 20

Step 1: Use the FOIL Method to multiply
the complex numbers. 2 and 3 are the First
terms in the complex numbers, 2 and 4i are
the Outer terms, 51 and 3 are the Inner
terms, and 51 and 41 are the Last terms of the
complex numbers.

Step 2: Add the products acquired from
using the FOIL Method.

Step 3: 8i and 15i can be added together to
make 23i.

Step 4: Substitute -1 in place of i*- Step 5:
Multiply 20 by -1 to get -20.

Step 6: 6 +-20 =-14, so (2 + 51)(3 + 4i) = -
14 +23i.

The correct answer to (2 + 51)(3 + 41) is -14
+ 23i.

Simplifying Expressions with Complex
Numbers:

It is necessary to know the order of
operations when simplifying expressions.
The order of operations is just what it
sounds like: the order in which one
computes the operations in an expression.
Here is the order of operations:

(1) Parentheses, Brackets, and
Braces

(2) Exponents or Roots

(3) Multiply or Divide in
order from left to right

(4) Add or Subtract in order
from left to right

Here are a few helpful hints for using the
order of operations. First, remember to



complete all operations of one type before
moving on to the next type (for example,
complete all multiplication and division
before moving on to addition or
subtraction). Second, remember that when
working the multiplication or division move
from the left to the right (for example, 2 x 6
+ 3. In this case, you would multiply (2 x 6)
first because the multiplication is the first
operation when reading from the left to the
right and then divide by 3 to get 4). Finally,
addition and subtraction work the same way
as multiplication and division - from the left
to the right (for example, 10 - 6 + 2. In this
case, you would subtract 6 from 10 first,
then add the 2 to get 6).

Example 6: Simplify the expression.
5(1 +3i) - 8(2 - 41)

(1) 5(1) + 5(3i) - 8(2 - 4i)
(2) 5+ 15i + -8(2 - 4i)
(3) 5+ 15i + -8(2) - -8(4i)
(4) 5+ 15i +-16 + 32i
(5) (5 + -16) + (15i + 32i)
(6) -11 + 47i

Step 1: Following the order of operations,
we would have to complete the operations
inside the parentheses first. It is impossible
to add 1 + 3i (because they are not like
terms) and it is impossible to subtract 2 - 4i
(they are not like terms, either). So, we must
move to the next possible operation. That
operation is multiplication because there are
no exponents in the problem. Distribute the
5 to each term in the first set of parentheses.
This involves multiplying each term in the
first set of parentheses by 5.

Step 2: Multiply 5 by 1 and 5 by 3i. Then
change the subtraction symbol to an addition
symbol and make the 8 negative. The 8 was
always negative (it had a negative sign to its
left), this step just makes us realize the
negative for our next step.

Step 3: Distribute the -8 to each term in the
parentheses. This involves multiplying each
term in the parentheses by -8.

Step 4: Write out the new problem.

Step 5: Combine the real numbers in one set
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of parentheses and combine the imaginary
numbers in another set of parentheses.

Step 6: 5+ -16=-11 and 15i + 32i =471, so
5(1 +31) - 8(2 - 41) =-11 +47i.

The correct answer is -11 + 471.

Solving Equations that Involve Imaginary
Numbers:

To solve equations that involve imaginary
numbers we follow the steps for solving
equations. The goal is to isolate the variable
on one side of the equal sign. Here is an
example.

Example 7: Solve the following equation.
—dx* + 2 =146



(1) 2)

—Ax? + 2 =146 Ax% _ 144
-2 -2 —4 4
—dz% = 144 x?=-36

(3) (4)

22 = 36 x = ++/—36

e x=da36—1
Y
E=tfiv1
=101
Step 1: Subtract 2 from each side of the
equation. This begins the process of
isolating the variable.
Step 2: Divide each side of the equation by -
4. This will isolate the variable on one side
of the equal sign.
Step 3: Take the square root of each side of
the equal sign. Since squaring and taking the
square root are opposite operations, we are
left with an isolated x on one side of the
equal sign. Since every number has a
positive and negative square root, the

answer should now read *~~36. This shows
that there are 2 answers to the problem.

Step 4: Use the steps in Example 1 to
determine the square roots of -36.

The correct answers are 61 and -6i.

Three Dimensional Space

Points of the form (X, y), called an ordered pair, can
be plotted in a rectangular or two-dimensional
coordinate system. Points of the form (x, y, z),
called an ordered triple, can be plotted in a three-
dimensional coordinate system.

As indicated in the diagram, this new
coordinate system has three axes. Note that
the x- and y-axes are not arranged in the
same configuration as in the rectangular
coordinate system. Also note the location of
positive and negative numbers along each of
the axes. The origin (0, 0, 0) is located at the
intersection of the three axes.
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Plotting a point in three dimensional
space:

A rectangular box is often created to plot a
point in a three-dimensional coordinate
system. The box helps to give a sense of a
third dimension in a drawing that is two-
dimensional. The vertices of the box are
found, starting with the origin, and then
segments joining these vertices are drawn.
The final vertex of the box shows the
position of the given point. The following
example shows how to plot the point (3, 2,
4).



M o

O B

A-/ Y
<

Step 1: From the origin, O, follow along the
x-axis for 3 units to locate point A, (3, 0, 0)
because the x-coordinate of the given point
is 3. From the origin, locate point B, 2 units
along the y-axis, at (0, 2, 0) because the y-

coordinate is 2. From the origin, locate point

C, 4 units along the z - axis at (0, 0, 4)
because the z-coordinate is 4. Note that any
point that lies on an axis will have two
coordinate values equaling 0.

@) o

Step 2: Now draw the bottom of the box.
From point A, draw a segment 2 units long
that is parallel to the y - axis (since the y -
coordinate of the given point is 2) to locate
point D. The coordinates of D are (3, 2, 0).
Connect the points B and D to form the
bottom.
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A

"

Step 3: Next draw the left side of the box.
From point A, draw a segment 4 units long
that is parallel to the z-axis (since the z-
coordinate is 4) to locate point E. The
coordinates of E are (3, 0, 4). Connect points
C and E to form the left side.



A

() c F
. /::
O B

X

Step 4: Next draw the back of the box. From
point B, draw a segment 4 units long that is
parallel to the z-axis (since the z-coordinate
is 4) to locate point F. The coordinates of F
are (0, 2, 4). Connect points C and F to
finish the back side.

A

(3) C F
O B

!

A
D
xn(/
Step 5: Complete the box by drawing the
top. From point E, draw a segment 2 units
long that is parallel to the y-axis (since the
y-coordinate is 2) to locate point G. Connect

points F and G to complete the box. The
coordinates of G are (3, 2, 4).

Determining the fourth vertex of a
rectangle:

Consider the rectangle that is located at the
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top of the above example. Its coordinates are
E(3,0,4),C(0,0,4), F(0, 2,4) and G( 3, 2,
4). Note that all of the z-coordinates are
equal to 4 because the top is located 4 units
up from the origin. There are two different
x-coordinates, x = 3 and x = 0. Each x-value
appears in two ordered triples. There are two
different y-coordinates, y = 0 and y = 2.
Each y-value appears in two ordered triples.
To summarize:

* One coordinate is the same in each of the
four vertices of a rectangle that is parallel to
one of the axes.

» The values of each of the other two
coordinates take on two different values,
each one appearing in two different pairs of
ordered triples.

The above observations will be used to solve
the following example problems.

Example 1: The points (3, 2, 4), (3, 2, 8),
and (3, 6, 4) make up three of the vertices of
a rectangle. What is the fourth point?

To solve this problem, first note that all
three given points have the same x-value, x
= 3. To form the shape of a rectangle the
fourth point must have the same x-value as
the other points, so x = 3. In addition, to
form a rectangle, the y- and z-values of all
four points must come in pairs. There are
already two occurrences of y = 2, but only
one of y = 6, so the fourth point must have y
= 6. There is already one pair of points with
z =4, so the fourth point must have z = 8.
Thus the fourth point is (3, 6, 8).

Example 2: The points (-3, 2, 5), (6, 2, 5),
and (-3, 2, 4) make up three of the vertices
of a rectangle. What is the fourth point?

To solve this problem, first note that all
three given points have the same y-value, y
= 2. To form the shape of a rectangle the
fourth point must have the same y-value as
the other points, so y = 2. In addition, to
form a rectangle, the x- and z-values of all
four points must come in pairs. There are
already two pairs of x = -3, but only one of x



= 6, so the fourth point must have x = 6.
There is already one pair of points with z =
5, so the fourth point must have z = 4. Thus
the fourth point is (6, 2, 4).

Example 3: The points (0, 1, -6), (3, 1, -6),
and (3, 2, -6) make up three of the vertices
of a rectangle. What is the fourth point?

To solve this problem, first note that all
three given points have the same z-value, z
= -6. To form the shape of a rectangle the
fourth point must have the same z-value as
the other points, so z = -6. In addition, to
form a rectangle, the x- and y-values of all
four points must come in pairs. There is
already one pair values of x = 3, but only
one of x = 0, so the fourth point must have x
= 0. There is already one pair of ordered
triples with y = 1, so the fourth point must
have y = 2. Thus the fourth point is (0, 2, -
6).

Determining a fourth vertex of a cube:

subtracting 13 - 6 = 7. In fact, the distance
between any two vertices that form an edge
of this cube will be 7.

To find the missing vertex, check each of
the answer options to determine which one
provides an edge that has a length of 7. If
Choice A, (13, 12, 8), is chosen, pick the
third given vertex, (13, 12, 5),touse as a
test point since two out of three coordinates
match. Subtract the different coordinates to
get 8 - 5 = 3. This is not the desired answer,
so check Choice B, (13, 19, 8). Because
none of the given vertices share two out of
three coordinates with Choice B, it is
probably not the answer. Check Choice C,
(6, 12, 12), and compare if with the vertex
(6, 12, 5). The distance between these two
points is 12 - 5 =7 so choice C, (6, 12, 12),
is also a vertex of the cube.

Radians

In trigonometry, it is helpful to define an angle
which is formed by a ray that is rotated in a plane
about its endpoint. The original position of the ray
is called the initial side. The terminal side is the
position of the ray at the end of the rotation. If the
terminal ray moves in a counterclockwise direction,
the angle has a positive measure. If the terminal ray
moves in a clockwise direction, the angle has a
negative measure.

A cube is a solid in which all six of its faces
(sides) have the shape of a square. Therefore
the lengths of each of its edges will all be
the same.

Example 4: A cube has the following
vertices: (6, 19, 5), (6, 12, 5), and (13, 12,
5). Which point is also a vertex of the cube?

A. (13,12, 8)
B. (13,19, 8) Positive Angle Measure Negative Aa
C. (6,12,12) .
D. (13,11, 12) Ini
T erminal 2
To solve this problem, note that since the Side —— Teél_r&jnal
ordered triples represent vertices of a cube, Initial Side 1ce
the lengths of the sides of cube must be the
same. All three of the given vertices have Radians:

the same z coordinate, so they form 3 of the
edges of one side of the cube. The distance
between vertices, (6, 19, 5) and (6, 12, 5) is
found by subtracting 19 - 12 =7. To find
this length subtract the pair of non-matching
coordinates. The distance between vertices,
(6,19, 5) and (13, 12, 5), is found by

A radian is defined to be the measure of a
central angle (an angle whose vertex lies at
the center of a circle) of a circle in which the
sides of the angle intercept an arc that is
equal in length to the radius, r, of the circle.
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The central angle is often represented by the

Greek letter theta, =
I r

In the above diagram, theta has a measure of
1 radian. The circumference of any circle is
given by the following formula.

Z=2mr
To determine the number of radians in one
revolution of the circle (one trip around the
circle), divide the circumference by r, the
length of each radian, to get the number of
radians in 1 revolution.

2y

I — 2o radians in 1 revelution
r

Since one revolution is also equivalent to
360°, then 2 radians = 360% To get a sense
of the degree measure of a radian, note the
following:

() 27 radians = 360°
(2) 2 radians _ 360°

2 e
(3 1radian = 180°
T
(@) 1 radian = 180
31416

lradian =~ 57.3°
Step 1: To solve for 1 radian, write out the
equation 2s radians = 360 Step 2: Divide
both sides by 2= Step 3:

Determining the complement and
supplement of an angle:

The sum of two complementary angles is
T

90° or 2 To find the complement of an
angle, subtract the given angle from 90° or
T
E .

Ty

Example 1: What is the complement of 3

(1) () ()
T T,I_ w2 T
2 3 2 3 3 2 &
3w 2@
& 6
Step 1: To find the complement of an angle,
T

subtract the given angle from 2 Step 2:
Find the least common denominator to be 6
and rewrite each fraction.

Step 3: Subtract the fractions to get the
answer.

T

The answer is 6
Determining the Supplement of an Angle:

The Za 1in the numerator and denominator of the left fraction cancel out. 360° « 2 = 1 80°.

Step 4: Since pi is approximately equal to
3.1416, an approximate degree value for one
radian can be found to equal 57.3°.

Thus one radian is just less than 60° .

Note that angles that are measured in
degrees are denoted with the degree symbol
(°), while angles measured in radians do not
have to be labeled.

Thus, /7w radians can be written as .
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The sum of two supplementary angles is
180° or ~To find the supplement of an
angle, subtract the given angle from 180° or

-

3T
Example 2: Find the supplement of 5



(1} () (3

o oF =, ,5_3% 2%
5 1 5 5 o

o 3w

55

Step 1: To find the supplement of an angle,
subtract the given angle from -

Step 2: Find the least common denominator
to be 5 and rewrite -

Step 3: Subtract the fractions to get the
answer.

oy

The answer is >
Coterminal angles:

An angle that is in standard position is an
angle whose vertex is positioned at the
origin and whose initial ray lies on the
positive x-axis. Angles that are in standard
position and share the same terminal ray are
called coterminal angles. Any angle has an
infinite number of coterminal angles. To
find a coterminal angle of a given angle,
simply add or subtract multiples of 360° or
2 pi from the given angle. Each multiple of
360° or 2 pi takes the terminal ray of the
given angle and makes it complete one more
revolution about the origin such that the
terminal ray will end up in the same position
it was before it was rotated. (Note that the
ray can move in a counterclockwise or
positive direction as well as a clockwise or
negative direction.) Also remember that
360° = 2=
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T
A E o+ E +1M =
3
& Y & .I/i- T
e e
Example 3:

Find a coterminal angle for & = %

(D (2)
s 53

Step 1: To find a coterminal angle of a given
angle, simply add multiples of 2+ Find the
least common denominator to be 6 and
rewrite = Step 2: Add the fractions to get the
answer.

13=
A coterminal angle is  ©

Converting from radians to degrees:

To convert the measurement of any angle

(including negative angles) from radian

measure to degree measure, multiply the
1807

radian measure by #

Fewrite % in degrees

Example 4:

Solution: Multiply the given angle by
150°

7 The pi values will cancel since there
is a pi in the numerator and denominator.
Then simplify to get 72°.

If the angle was changed to a negative value,
the answer would be negative.

Locate the quadrant in which the



terminal ray of an angle lies:

The x- and y-axes of a rectangular
coordinate plane divide the plane into four
quadrants as labeled below. The terminal ray
of an angle in standard position either lies on
one of the axes or in one of the four
quadrants. The numbers marked on the axes
show the radian measure of an angle whose
terminal ray lies on that portion of the axis.

f.e —3X
Lin) 2 T
Duadrant | Quadrant Ouadrant | (Juadrant
o I II
3 >0 —IL<
(Juadrant | (Juadrant (Juadrant | (Juadrant
T IV T
e E N
2
Positive Angles MNegative Angles
Example S:

In which quadrant is —z%located?

The measure of the given angle lies between
T

Oand 2
Answer: quadrant [V

Example 6:

In which quadrantis M?ﬂ located?

since the measure of the given angle 15 greater
terminal ray must rotate before it 15 positioned

hasz ameasure in the interval 0= z<2x Eewni
427 Ty this new form, it1s easier to see that t

Dudw=4w. Subtract4 2% — 4 to get a cotermit

%“T liesin the second quadrant because 1t has

14?” also lies in the second quadrant.

Answer: quadrant 11

Angles

In trigonometry, it is helpful to define an
angle that is formed by a ray that is rotated
in a plane about its endpoint. The original
position of the ray is called the initial side.
The terminal side is the position of the ray at
the end of the rotation. If the terminal ray
moves in a counterclockwise direction, the
angle has a positive measure. If the terminal
ray moves in a clockwise direction, the
angle has a negative measure.

Positive Angle Measure Negative A1

Ini
T erminal 2
Side T erminal
TImitial Side Side

Radians:
A radian is defined to be the measure of a



central angle (an angle whose vertex lies at
the center of a circle) of a circle in which the
sides of the angle intercept an arc that is
equal in length to the radius, r, of the circle.

To rewrite degrees in radians, use the
formula below:

degrees - T _ radians

180
Example 1: Write 90° in radians.

s

. T
0150~ 2

E
The answer is =

Complementary angles are two angles in
which the sum of their measures is 90° . The
complementary angle of a 30° angle is 60 °
because 30° + 60°=90°. The
complementary angle of a 20° angle is a 70°
angle because 20°+ 70° =90° .

/\Y /'\YD
20
I
) 30° . o
) X
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Coterminal angles "end" at the same place.
Coterminal angles differ by the number of
revolutions. The figures below illustrate
three coterminal angles:

S MY
140 ° ™~
< ™ > £ " > £
4 _2200:}{:

In order to draw the angle, it is easiest to
find the reference angle. The reference
angle is the measure of the acute angle (an
acute angle is an angle less than 90 degrees)
between the terminal side (end) and the x-
axis. Here are the rules, but it is probably
easier to sketch the angle and
mathematically figure it out.



/'\Y

Cuadrant 1T Chadrant T

i)

%
Cuadrant T | Cuadrant TV

If the angle ends in quadrant I, the reference
angle is equal to the angle.

If the angle ends in quadrant II, the
reference angle is (180° - the angle).

If the angle ends in quadrant III, the
reference angle is (the angle - 180°).

If the angle ends in quadrant IV, the
reference angle is (360° - the angle).

Example 2: Find the reference angle for
200°.

I T g

3 SDDKH\ r
o0 -
I N

Solution: The terminal side of the angle is in
the third quadrant, so we subtract 180° from
the measure of the angle.

The reference angle for 200° is: 200° - 180°
=20°.

Example 3: Find the reference angle for
310°.

I T o1

( 510
5003
I IV

Solution: The terminal side of the angle is in
the fourth quadrant, so subtract the measure
of the angle from 360° .

The reference angle for 310° is: 360° - 310°
=50°.

Example 4: Find the reference angle for

150°.
I T o
150°
< m >
X
i TV

Solution: Since the terminal side of the
angle is in quadrant II, we take 180° - 150° =
30°.

The reference angle for 150° is: 30°.

Now that we know how to find reference
angles, we can determine coterminal angles.
Coterminal angles must have the same
terminal side.

Example 5: Find two angles that are
coterminal.

A. 45° and 300 °
B. 25° and 155°
C.-310° and 50 °
D. 75° and -225°

Only angles with the same reference angle
have the possiblity of being coterminal.
Therefore, we check choices Band C since
both have identical reference angles. The
angles in choice C also have the same
terminal side, so the answer is C. Both
angles have a reference angle of 50° and the
same terminal side.

With the help of reference angles, we can
find the trigonometric ratios. (It may be
helpful at this point to review the
Pythagorean Theorem).

The Pythagorean Theorem can be used to
find the length of a side of a right triangle
when the lengths of the other two sides are
known. When the measures of a side and an
acute angle of a right triangle are known and



we need to compute the length of another
side or the measure of another angle,
trigonometry makes it possible.

E
leg hypoternase
(al re)
tight 1 A
et (o)

a2 +b2 — |:2
The basic trigonometric ratios are defined
below for angle A of &4BC

Sine of SA

_length of side opposite ZA

length of hypotenuse

o | R

Cosine of 28 =
length of hypotenuse

Tangent of 28 =

length of side adjacent 24
C

length of side opposite 24 a

Example 6: Find sin A, cos A, and tan A for

ABBC
C

13
12

A []
5 E

The answer is: sin A = 12/13, cos A =5/13,
and tan A = 12/5.

length of side adjacent Z4 b
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Example 7: Find the sine if (6, 8) is on the
terminal side of the angle.

Step 1: Sketch the graph, plot the point (6,
8), and sketch the ray from the origin to the
point (6, 8). Then, sketch the line down to
the x-axis forming a right triangle.

Step 2: Determine the length of the
hypotenuse using the Pythagorean Theorem:

M 6% +8% = c?
(2) 36464 =2
(3100 = %
(4 JT00 = 4/c2
(H10=c
Sinh = length of side oppositeslA
length of hypotenuse
Sinh =5 -4
Step 3: 105
Example 8: Evaluate the function.
sec 300°

Solution: We know that sec = 1/cos. We can
use this information to determine the value
of sec 300° . The cosine of 300° is -1/2
because 300° falls in the fourth quadrant.

sec 300°= L= -2

Answer: -2

Trigonometric Identities

A trigonometric identity is a statement that
is true for all angle measures. Angle
measures can be represented by variables or
by the Greek letter theta #An example of an
identity is sin® & +cos® & = 1. Note that it is
not an equation to be solved. Any value
substituted in for theta will make the




statement true. For example:
If & =607 then. ..

sin® @+cos #=1 Eeplace & by 60°

sin® 60°+cos® 60° =1 Re call that sin 60° = ¥2 and ¢

Type of Identity with Examples

. , 5 : Eeciprocal Identities:
BT -t (4] ()] wo- 228 momsgh womcy
[T +(§) =1 | =5 ]| |=7 ad [i)coti_‘?:';ifg tan9=?;;g |:5|:nl9=si111£|
%+%:1 True Statement secﬁ':ﬁ csct @ = sinlzﬂ
4
3—1
1=1 Pythagorean Identities:

There are many different types of
trigonometric identities which are often
summarized in the trigonometry section of a
textbook. Some of the general categories are
listed below as well as a specific identity for
that category:
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sin® @+rcos B=1 1+cot 8= csce @



Cofunction Identities:

cos(%—x):sin X sin(%—x):cos %

cot(% — X:I:tan X

Hegatiwve Identities
sin[_ﬂ]:_ sin & cos[_ﬂ):cosﬂ
c-::-t[_&:]:_ cot & tan[_i_‘i‘]:_ tan &

CEC [_E‘) = cgcd osec [_E") =sec &
sum and Difference Identities
cos[x+§f]: COSECOSY—SINESNY
sin[x+§.r:l: sihxzcosv+ocosxsny
Cos [x —y}l =COSHCOSY HEnEsny

sin[x—y):sinxcos ¥ — COSX SN ¥

Double Angle Identities

gan 2B =2an & cogd
cos 28 = cos® @ —sin® &

Note that to correctly and more easily solve
trigonometric identity problems requires
memorization of the basic identities.

Example 1: Complete the following
identity.

cos & _

sin &
There is a reciprocal identity that states that
C:D—SE =rcot &
sin &
Example 2: Simplify the following
expression.

sifl [ _x]
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(1) (<)

sin[_x)

__sin x sin X
tan[_x) tan x - Hn X
COs X
(4) (3)
SN K, _ COS X cos %
1 i X

Step 1: Use the Negative identities that state
that sin (- x) = - sin X and tan (-x) = - tan X.
Substitute the equivalent expressions to
rewrite the original fraction and obtain the
fraction on the right.

Step 2: It is often helpful to rewrite all of the
expressions in terms of sin x and cos x to
make it easier to determine what the next
step should be. In this problem, the
reciprocal identity, tan x = sin x/cos X, was
used to rewrite the tan x term in Step 1 and
create the new complex fraction of Step 2.
Step 3: The complex fraction of Step 2 can
be rewritten to use the conventional division
sign, + , to help determine the next step.
Step 4: A division problem containing
fractions can be rewritten as a multiplication
problem by multiplying the first term of the
division problem by the reciprocal of the
second term. The - sin x is rewritten as a
fraction by making the denominator one (-
sin x/1).

Step 5: The sin x terms in the numerator and
denominator of the fraction divide out. The
product of two negative quantities is
positive, so the product shown in Step 4
simplifies to cos x.

The answer is cos X.

Example 3: Simplify the following.

sin X sin(%—x)+cosx COS[E—X:I

2
(1) sin x cos x + cos X sin x
(2) sin X cos X + sin X cos X =
2sin X cos X



First identify the specific sides of the right
Step 1: TTse the cofunction 1dentity, sin [E j =Ccos¥to s&g&nﬁ}%v&tg ;E‘?%P%T%é? 51%6 1%1 o a%g]e In
this problem, the sid¢ opposite Zngle /ABC
and the cofunction identity cos (% - X] =sin x to substitute |5 l%ﬁgﬂisg:es@f(ﬁﬁﬁ ~Thg side adjacent
to,an %ﬁ érl?g Iglas len f“g 4 50, ad 4 and

the hypotenuse has len SX SO flyp 5. The
ratios are given below.

[\J

Step 2 Fewrite cos % sin x as sin % cos % This will allow yor
to get Zsin X cos X

The final answer is 2sin X cos X.

Determine the trigonometric functions of
an angle when given the sides of a right
triangle:

To solve right triangle trigonometry
problems, the following ratios need to be
used. Note that "opp" represents the side of
the triangle opposite the given angle, A,
"adj" represents the side of the triangle
adjacent to the given angle, A, and "hyp"

represents the hypotenuse of the right sin LARC=2FF _ 3 cos S ARC = BE _
triangl hyp 5 opp
gle.
cosﬁﬁBC—%=ji seciﬁBC:h—m:
tan ZABC =2 _ 3 cotiﬁBC——
al 4 o

Example 5: Choose the statement that is

true.
s d o Epp csch = hyp A sin‘z+l=cosix
¥p CPP E [cosx)[tanx):secx
_ ad hyp
cosﬁ—ﬁ secﬁ;—a—dj i sinx[1+cotEXJ:sinX
tanﬁzﬂ Cotﬁzﬂ T M:secx
ad_] Opp cosx

To solve this problem, you need to evaluate
each of the statements to see if the left side
of the statement can be rewritten to equal the
right side.

Example 4: Find the sine, cosine, tangent,
cosecant, secant, and cotangent for angle
ABC.

Evaluate answer choice A:

A sinx +1=cos® x

3 Step Al: Choice A is false because the
Pythagorean Identity states
sin® @ +cos? @ =1

|_ Evaluate answer choice B:
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B [cosx][tanx:lzsacx
(1). [ cos X)(ﬁ)= SBCE

{20 51N ¥ = SeC X
Step B1: Replace tan x with sin x/cos X, a
reciprocal identity.
Step B2: The cos x terms divide out.

Since sin x does not equal sec x, choice B is
false.

Evaluate answer choice C:

2. 5ih X [1+ cot® x

nxj(sinx:l =S

1 _ .
iy o TSI E
i) CSCH =8N X

Step C1:

Since csc x does not equal sin x, choice C is
false.

Evaluate answer choice D:

sinx(cscxj

D sy S SECE
Sinx[sirlli
(1 —— g T SBCX
1 _
Y ooy = S6CE
(3 SEC XK = SECH

Step D1: Replace csc x with (1/sin x), a
reciprocal identity.

Step D2: The sin x terms in the numerator of
Step D1 divide out to get 1.

Step D3: Replace (1/cos x) with sec x, a
reciprocal identity.

Since sec x equals sec x, choice D is true.

The correct answer is choice D.

Graphing Functions

A function is a relation between two
variables such that each value of the first
variable corresponds to exactly one value of
the second variable. A polynomial function
is a function that involves a series of terms
added together. A polynomial function can
be expressed in standard form as
flz)=ax"+a,,+...+ax+a; wheren
represents the degree of the polynomial.

Eeplace (1 + ootz :] writh [n:s 2z ] , a Pythagorean Identity (Remember, when you are working with

Step C2:

Eeplace (csczx) with [ 1 ] areciprocal 1dentity.

sin® x

Step C3:

Expand (sin2 %) to (sin =){sin ). Step C4:
One sin x on the bottom of the fraction
cancels the sin x on the top of the fraction,
leaving

1/sin x.

Step C5: Replace (1/sin x) with (csc x), a
reciprocal identity.

functions f(x) and y can be interchanged.)
The degree of a function is the largest
exponent on the variable.

Graphs of Polynomial Functions:

The graph of a polynomial function has at
most (n - 1) turns, that is, it can change
direction at most (n - 1) times. The direction
a graph is going (up or down) is always read
from the left to the right. Graph A in the



diagram below changes direction once;
whereas, graph B changes direction three
times.

il

All polynomial functions are continuous
functions.

Example 1: State the maximum number of
turns in the graph of the polynomial.

cu 43t -2+ 3t 42 —1
()n=5
(2)5-1=4

Step 1: The degree of the polynomial is 5.
The highest exponent on the x is 5.

Step 2: n - 1 =4 so the maximum number of
turns is 4.

Graph

Graph
GJes ph / goes 1 3 EDES Vertical and Horizontal Asymptotes of
ﬁ /\“‘. Graphs

il

L \32 up
(4) (B)

The graph of a continuous function will
have no breaks. The graphs in the diagram
above are graphs of continuous functions. A
graph of a function that is not continuous is
shown below.
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7
> Graph Craph
Change © gt // ggsgh VLT

An asymptote is a line that the graph of a

function comes close to, but never touches.
For a rational function (a function with a
numerator and a denominator), f(x) =
g(x)/h(x), where g(x) and h(x) have no
common factors and h(x) does not equal
zero. It is possible to have vertical and/or
horizontal asymptotes in rational functions.
In the diagram below, the liney=11isa
horizontal asymptote and the lines x = -3
and x = 3 are vertical asymptotes.
Asymptotes are represented by dotted lines
because points on the asymptotes are not
points that lie on the graph of the function.



__4:2|______.|_g_—’__y=hl

0

L x=3

The vertical asymptotes are the zero(s) of
h(x).

The horizontal asymptotes are as follows:

* The line y = 0 is the horizontal asymptote
if the degree of g(x) < degree of h(x).

* The line y = a/b is the horizontal
asymptote, where a is the leading coefficient
of g(x) and b is the leading coefficient of
h(x) if the degree of g(x) = degree of h(x).

* There is no horizontal asymptote if the
degree of g(x) > degree of h(x).

A coefficient is the number that is multiplied
by the variable(s) in a term. The leading
coefficient of a polynomial is the coefficient
of the first term when the polynomial is
written in standard form (remember, the
standard form for a polynomial has the
exponents in descending order).

Example 2:

Matm e the asymptote(s) of the graph of the function, £{xz) =

Find the vertical asymptotes first. Note that
gz =522 andhizy == — 1.

(Hx-1=0

2)x=1

Step 1: Solve for the zeros of h(x) by setting
the denominator equal to zero.

Step 2: Add 1 to both sides of the equation
to solve for x. The vertical asymptote is at x
=1.

Find the horizontal asymptotes.

(1) The degree of the numerator is 2 and the
degree of the denominator is 1.

(2) Since the degree of the numerator is
greater than the degree of the denominator,
there is no horizontal asymptote.

Page 49

The function f(x) has only one asymptote. It
is a vertical asymptote at x = 1.

Example 3:
Mame the asymptote(s) of the graph of the fun

Find the vertical asymptotes first. Note that
gz =3x2 and hizx) = x° — 4.

(1) (2) (3)
x2-4=0 x2—4=0 Jxi=+J4
4 +4 %= +2
xl=4 X=+2,5=-

Step 1: Solve for the zeros by setting the
denominator equal to zero.

Step 2: Add 4 to both sides of the equation
to solve for x.

Step 3: Take the square root of both sides of
he equation to solve for x. Since 4 has two

;{sﬁuiatre roots, 2 and -2, there are two vertical

asymptotes, x =2 and x = -2.
Find the horizontal asymptotes.

(1) The degree of the numerator is 2 and the
degree of the denominator is 2.

(2) The degree of the numerator is equal to
the degree of the denominator. The leading
coefficient of the numerator is 3 (so, a = 3)
and the leading coefficient of the
denominator is 1 (so, b = 1). Therefore, the
horizontal asymptote is the line y = a/b = 3/1
ory=3.

Answer: The function f(x) has three
asymptotes: x =2, x =-2, and y = 3.

Example 4:
Mame the asymptote(s) of the graph of the fun



Find the vertical asymptotes first.

()x-3=0
(2)x=3

Step 1: Solve for the zeros by setting the
denominator equal to zero.

Step 2: Add 3 to both sides of the equation
to solve for x. The vertical asymptote is x =
3.

Find the horizontal asymptotes.

(1) The degree of the numerator is 0
(because the numerator is a constant) and
the degree of the denominator is 1.

(2) Since the degree of the numerator is less
than the degree of the denominator, the
horizontal asymptote is the line y = 0.

Answer: The function f(x) has two
asymptotes: x =3 and y = 0.

Right and Left Behaviors of a Graph:

There are four basic rules for determining
the right and left hand behaviors of a graph
of a function. Those rules are listed below.

* If the leading coefficient of a polynomial
function is positive then the graph rises to
the right.

* If the leading coefficient of a polynomial
function is negative then the graph rises to
the left.

« If the degree of the function is even, then
the graph has the same right and left
behavior.

* If the degree of the function is odd, then
the graph has opposite right and left
behaviors.

Example 5: Describe the left and right

behaviors of the graph of £ = =

The leading coefficient is positive, and the
degree is 3, an odd number. The graph will
rise to the right and fall to the left.

Example 6: Describe the left and right
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behaviors of the graph of

fix)=3x"+2x +1.

(1) The leading coefficient is positive, so the
graph will rise to the right.

(2) The degree is 2 (an even number), so the
graph has the same right and left behavior.
This means that the graph will also rise to
the left.

The graph will rise to the right and rise to
the left.

Horizontal and Vertical Shifts of Graphs:

When certain changes to an equation of a
function are made, the graph of the new
function may vary by moving the original
graph to a new location in the coordinate
plane, while the basic shape of the graph
remains the same. The horizontal and
vertical shifts of a graph caused by changes
made to an equation can be summarized as
follows.

If f(x) is a function:

» the graph of f(x) + a will result in a
vertical shift upward of |a| units

* the graph of f(x) - a will result in a
vertical shift downward of |a| units

« the graph of f(x + b) will result in a
horizontal shift to the left |b| units

« the graph of f(x - b) will resultin a
horizontal shift to the right |b| units

* the graph of -f(x) will result in a
reflection in the x-axis

A change to an equation can result in both a
horizontal and vertical shift such as the
graph of f(x + b) + a which will result in a
vertical shift up |a] units and a horizontal
shift to the left |b| units.

Example 7:
Compate the graph of g3 = x% +9 to the grap

Since the shift follows the f(x) + a formula,
where a = 9, the graph will shift 9 units up.

Example 8:



Compare the graph of g(x) = I:x + 3:]2'— 4 to the graph of £ I:X:I =x2 (1) 2) (3)

Since the shift follows the f(x + b) - a
formula, where a = -4 and b = 3, the graph
will shift 4 units down and 3 units to the left.

Example 9:

3=5 =2 —Z2+2_ =1
B ax ox - Az
Step 1: Rewrite the expression as one
fraction. The numerators will be subtracted
and the denominator will remain the same.

Step 2: Subtract the numerators. 3 - 5 = -2

Compare the graph of g(x) = — [z — 2)2 +1 to the graph of @gi&_?}zigsince 2 and 8 can both be divided by

Since the shift follows the -f(x - b) + a
formula, where a = 1 and b = -2, the graph
will reflect across the x-axis, shift 1 unit up
and 2 units to the right.

Example 10: Compare the graph of g(x) =
x| - 3 to the graph of f(x) = [x].

Since the shift follows the f(x) - a formula,
where a = -3, the graph will shift 3 units
down.

Example 11: Compare the graph of g(x) =
|x + 1| + 4 to the graph of f(x) = [x].

Since the shift follows the f(x + b) + a
formula, where a =4 and b = 1, the graph
will shift 4 units up and 1 unit to the left.

Rational Expressions: Add/Subtract
A rational expression is a fraction whose numerator

and denominator are polynomials. To add or
subtract a rational expression, the denominators
must be the same. If the denominators are the same,
add or subtract the numerators and keep the
common denominator.

Example 1: Subtract the fractions.
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2, the fraction can be reduced to -1/4x.
Example 2: Add the fractions.

dx 4 SmA4+d
x4+ 3=+

(1) (2)
24 G4 =44
Ax4+D A+

Step 1: Rewrite the expression as one
fraction. The numerators will be added and
the denominator will remain the same.

Step 2: Add the like terms, 2x and 5x, to get
7x. It is not necessary to make any changes
to the denominator.

2t _ 4 4 4t — 8
Example 3: ¢ +8° ¢T+y7 7 +8)

(1) (2) (3)
St—14+4t—8 @Et+4)+i-14-58 1242
4+ 87 4+ 37 (t + 8

Step 1: Rewrite the expression as one
fraction. The denominator is the same on all
three fractions, so it will remain the same.
Step 2: Collect the like terms together.
Step 3: Add 8t and 4t together to get 12t,
and -14 and -8 together to get -22. It is not
necessary to make any changes to the
denominator.

To add or subtract rational expressions with



unlike denominators, find the lowest Step 5: Rewrite the fractions as one fraction.

common denominator of the expressions. Since there are no like terms in the
Then rewrite each expression as an numerator of the fraction, the numerator
equivalent rational expression using the remains as it is and the denominator does
lowest common denominator. Once the not change.
denominators are like, add or subtract the
numerators and keep the common Example 5: Add the fractions.
denominator.

. CS
To find the lowest common denominator, 4740

find the least common multiple of the
denominators. Begin by factoring each
denominator, if possible. Then multiply the
individual factors together to determine the
lowest common denominator of the
fractions.

Example 4: Add the fractions.

172% | S +2
1824 32
(1) {2)
Zr? = Tt lowest common denominator

182° = 6w 3ux? Texd e b=18x"

(3) ) (5) 1) 2)
1?::2 e +22}(6J l?xz 4305412 1?x2+302;<+12 w2 7,400 3 28y
18x Eails)] 18z 18z 18x 4X5F6 1 4X5F5 4X5F5 4X53F5
Step 1: Determine the common , (4) . (5)
denominator. To do this, list the ki [ 342827y ) 34 28750
denominator of each fraction, and break P 4xoy®

them down into their factors.

Step 2: Multiply the factors that the Step 1: Determine the common
degnommators have in common: 3 and . denominator. Since the whole number 7 has
x"- We now need to multiply by 6 because it a denominator of 1, the common

is the only factor left that has not been denominator of these two fractions is
multiplied. The lowest common 4x°5". Rewrite 7/1 as a fraction with the
denominator is 18x". Step 3: Rewrite the common denominator. This involves

fractions with the common denominator. s .
: multiplying the numerator and denominator
The fraction on the left already has the PyIng

lowest common denominator as its
denominator, so we do not need to change it,

i 5.8 :
of the fraction by #*°¥ - Step 2: Multiply to
make the fractions have common
7o dxy® = 280y"

but we do need to change the fraction on the denominators. Step 3:
right. We multiply the numerator and Add the numerators.

denominator by 6 to get 18x”.Step 4: Use Step 4: Since the two terms in the numerator
the distributive property to multiply (5x + 2) can both be divided by x-squared, factor x-
by 6. This involves multiplying 5x by 6 to squared out of the terms.

get 30x and multiplying 2 by 6 to get 12. Step 5: Simplify the fraction by cancelling

out the x-squared in the numerator and two
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of the x's from the x to the fifth power in the Step 8: m* —m® =0 and Zm — 3m = —Im.

denominator. Example 7: Add the fractions.
Example 6: Subtract the fractions. 22, =+8
Sk —20  3x?-12x
m __m®+3m 1)
m+3 mi+Sm+6 Sx— 20 3 — 12x &
(1) 2) (3) 50z —4) Zmiz—4) 5(x -
m* +5m +6 m _ m®+3m m_ ., m+2_ 3) )
m+3m+2) m+3 m+3IJm+2) m+3 m+2 (0 oy . . _x+8 ,5 b3l
{4) 2 Sx—4 3x: Zxiz—4 5 1bdu(z-4)
m?42m __ m®43m m? + 2m — (m* + 3m)
m+3m+2d)  (m+3)im+2) (m +3){m + Bep 1: Factor each denominator. Each term
6) % i@ghp Flenominator of the first fraction can
2 2 be-divided by 5, so 5 is factored out of the
m*+ 2m —m* — 3m me— m®+ %m — 3m _ ! ) )
n. Each term in the denominator of
(m +3lm +2) (m + 3)im +2) (m + Qe 6hd fraction can be divided by 3x, so
3x is factored out of the expression.
Step 2: Rewrite the fractions with the
Step 1: Factor the denominator of the second denominators factored.
fraction. The factors of the denominator are Step 3: Each denominator has a factor of (x -
(m + 3) and (m + 2). 4), so that is automatically part of the
Step 2: Rewrite the fractions with the second denominator. The first fraction also has a
denominator in factored form. factor of 5, so the numerator and
Step 3: Determine the common denominator of the second fraction must be
denominator. Since each denominator has multiplied by 5 to acquire the common
(m + 3) as a factor, the common denominator. The denominator of the second
denominator is (m + 3)(m + 2). Multiply the fraction also has a factor of 3x, so the
numerator and denominator of the first numerator and denominator of the first
fraction by (m + 2) to rewrite the fraction fraction must be multiplied by 3x to acquire
with the common denominator. The second the common denominator. The common
fraction does not need to be changed denominator of these two fractions is 15x(x
because it already has the common -4).
denominator. Step 4: Perform the necessary
Step 4: Distribute m to (m + 2). This multiplications. Now the fractions have
involves multiplying each term in (m + 2) common denominators and can be added
by m. Now the fractions have common together.
denominators. Step 5: Rewrite the fractions as one fraction.
Step 5: Rewrite the fractions as one fraction. The numerators are added together. There
Remember to place the numerator of the are no like terms in the numerator, so the
second fraction in parentheses because the numerator cannot be simplified.
entire numerator is being subtracted from
the numerator of the first fraction. Example 8: Subtract the fractions.
Step 6: Distribute the subtraction symbol to
each term in the parentheses. This involves bz 3
changing the sign of each term in the 162%—25 dz-5
parentheses.
Step 7: Collect the like terms in the

numerator.
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(1) (2) (1)
16%* — 25 i) -_9 - 3x 42 ¢ — Oy 2 X
@x-PE=x+5  @E-E+ d=Z-5 o - wxm-2) ®-DE-2) =
(3) @) common denominator
Bx _ 9 4z 45 6z _ 36 x(x -Dlx—-2)
(4x — 4z +5) 4x—5 4z+5 (@z-H@=z+5 (Gz-° (3)
Px 4 bxt—6x 2x+4
(3) (6) (M =E-DE-2 =Ex-DE-2) %(x -
bx — (36x +45) 6z — 36z — 45 —30x— 45
@z-5A+5  (@z-9(4x+5  (Gz-dx4 O ©)
Step 1: Factor the denominators. Since the 2(z- Dz -2 z{z— Dz -2 {

denominator of the second fraction (4x - 5)
cannot be factored, it is left alone. The
denominator of the first fraction can be
factored using the "difference of squares"
rule. The factors are (4x - 5) and (4x + 5).
Step 2: Rewrite the fractions with the
factored denominators.

Step 3: Determine the common
denominator. Each fraction has (4x - 5) as a
factor in the denominator, so (4x - 5) is part
of the common denominator. The
denominator of the first fraction also has (4x
+ 5) as a factor, so the numerator and
denominator of the second fraction need to
be multiplied by (4x + 5) to acquire the
common denominator. The common
denominator is (4x - 5)(4x + 5).

Step 4: Perform the necessary
multiplications. Now the fractions have
common denominators and can be
subtracted.

Step 5: Rewrite the fractions as one fraction.
Remember to place the numerator of the
second fraction in parentheses because the
entire numerator is to be subtracted from 6x.
Step 6: Distribute the subtraction symbol
through the parentheses. This involves
changing the sign of each number in the
parentheses.

Step 7: Collect the like terms together and
simplify. Since 6x and -36x are like terms,
they can be added together to get -30x.

Example 9: Add the fractions.

2 + (24
P T B
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Step 1: Factor the denominators. Then use
the factors to determine the common
denominator. The common denominator is
x(x - 1)(x-2).

Step 2: Multiply the numerator and
denominator of the first fraction by x and the
numerator and denominator of the second
fraction by (x - 1).

Step 3: Perform the necessary
multiplications. Now the fractions have
common denominators and can be added.
Step 4: Rewrite the fractions as one fraction.
Step 5: Collect like terms.

Step 6: Since both terms in the numerator
can be divided by 2x, we can factor 2x out
of the numerator.

Step 7: The x (from 2x) in the numerator of
the fraction and the x in the denominator of
the fraction divide out to simplify the
fraction.

Rational Functions: Multiply/Divide

A rational expression is a fraction whose numerator
and denominator are polynomials. A rational
expression is in its simplest form when the
numerator and denominator have no common
factors.

Simplifying Fractions:

If a, b, and ¢ are nonzero real
dac _ a

numbers, then bc b
You can only divide out factors, not terms



that are being added or subtracted. For

2+1
example, ¥ cannot be simplified
because the x in the numerator is being
added to the 1, so it is not a factor. Since the
X in the numerator is not a factor, it cannot
divide out with the x in the denominator.

To simplify a rational expression, factor the
numerator and denominator. Then divide out

X times x equals =,
7 times -2 equals +14
-7x plus -2x equals -9x.

Remember to always factor out the greatest
common monomial factor first, if there is

one.

Example 1:Factor the following

polynomial.
any common factors. Be? 4 365 4 60
Factoring:
There are four types of factoring. These
types are listed below with an example of
each type.
1. Factoring out the Greatest Common
Monomial Factor:

(1) 2)

4x? and 8x can both be divided by dx, so dxis factored out 3 3 3

3x? +12x 4+ 20) 3z + 2z +10)

2. Factoring the Difference of Squares:

(9};2 —1&) = (5 — 42z + 4
This factorization works because:

3x times 3x equals %"
-4 times 4 equals -16
-12x plus 12x equals Ox.

3. Factoring a Perfect Square Trinomial:

244 202+ 100= (z+ 10z + 10 = (x+ 1002
This factorization works because:

X times x equals =,
10 times 10 equals 100
10x plus 10x equals 20x.

4. Factoring a Trinomial:

- 9x4+14=(=—Tix—2)
This factorization works because:
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Step 1: The three terms in the polynomial
can be divided by 3, so we need to factor 3
out of the polynomial. Then write the new
polynomial.

Step 2: Factor the polynomial that remains
in the parentheses. The factors of the
polynomial in parentheses are (x + 2) and (x
+ 10). The polynomial is now completely
factored.

Answer: 3(x +2)(x + 10)

Example 2: Simplify.

24— 5u+6
% — 3
o @)
-fx+6  E-_FE z-3IEx-2)
z-3z-2 * = x(x —3)
x(x —3)



Step 1: Factor the numerator and the
denominator. The three terms in the
numerator do not have a common factor.
The numerator must be factored using the
factoring a trinomial method. The two terms
in the denominator have a common factor of
x. Divide x out of both terms to factor the
denominator completely.

Step 2: Rewrite the expression with the
numerators and denominators in factored
form.

Step 3: The (x - 3) in the numerator and the
(x - 3) in the denominator divide out to
simplify the expression. The expression is
now completely simplified.

Answer: (x - 2)/x

Multiplying Rational Functions:

To multiply rational expressions, multiply
the numerators, multiply the denominators,

and then simplify.

Example 3: Multiply and simplify.

_ox? 1097

145{3?2 Gy
(1) (2) (3)
(2 10v) 20y 5°
(14zy 236z Belzz 2y 21

Step 1: Rewrite the fractions as one fraction.
The numerators should be multiplied and the
denominators should be multiplied.

Step 2: Multiply the numerators and the
denominators. Remember that when
multiplying numbers taken to powers that
have the same bases, the exponents are

1+1 ]
added, so =* = =x"" ==x" gnd

y¥ ey =y =y Step 3: Divide out
common factors. 20 and 84 can both be
divided by 4. The = in the numerator and
denominator divide out. When two terms
with the same base are divided, their
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5
exponents are subtracted, so ¥
Example 4: Multiply and simplify.

2462 +9 =41

w4+ x z+3
i (2)
wi4bx+9 E4+E EAAE4D z+41
+3=+3 * % 2z +1) %+ 3
zz+ 1

Step 1: Factor the numerators and
denominators, if possible. =* +6x+2 jsa
perfect square trinomial and has factors of (x
+ 3)(x + 3). Each of the terms of =+ = has
a factor of x, so the expression factors as x(x
+ 1). Neither the numerator nor the
denominator of the second fraction can be
factored, so they are left as they are.

Step 2: Rewrite the fractions with the factors
in the correct places.

Step 3: Rewrite the fractions as one fraction.
Remember to place the numerator and
denominator of the second fraction in
parentheses since they are to be multiplied.
Step 4: Divide out common factors. One of
the (x + 3) terms in the numerator and the (x
+ 3) term in the denominator divide out. The
(x + 1) term in the numerator divides out
with the (x + 1) term in the denominator.
The fraction is now completely simplified.

Example 5: Multiply and simplify.

E+9), &=
(z— 7 1
@ @) 3)
E+9, &=  E+Y=-T s
-7 1 -7



Step 1: Rewrite the term (x - 7) as a fraction
with 1 as the denominator and enclose all
terms in parentheses.

Step 2: Multiply the numerators and the
denominators.

Step 3: Divide out common factors.

Dividing Rational Expressions:

To divide one rational expression by
another, multiply the first expression by the
reciprocal of the second expression.

The reciprocal of a non-zero number
2 g E.

b a

Example 6: Divide and simplify.

x+1 +X2+Bx+7
%% +dx +4 x+2
(1) (2)
z+1 2 +2 z+1

42

x4tz +4 xi48z+7

(3) )
x+0E+2) 1
420+ 200+ D+

Step 1: Rewrite the problem by multiplying
the first expression by the reciprocal of the
second expression.

Step 2: Factor the numerators and
denominators, if possible. Neither of the
numerators can be factored. The
denominator of the first expression is a
perfect square trinomial that factors as (x +

Z+20=+2) =Z+DE+7)

(= +2= +7)
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2)(x + 2). The denominator of the second
expression is a factorable trinomial that
factors as (x + 1)(x + 7).

Step 3: Multiply the numerators and the
denominators. Remember to place the
numerators in parentheses because they are
complete terms.

Step 4: Divide out common factors. When
all factors of the numerator divide out, the
numerator is 1.

Example 7: Divide and simplify.

(1) 2)
(&% +8) 3 +24 &’ +82) 1ox
1 122 1 I + 24
i) 3)
=z + 8101230 125
3z +8) 3

Step 1: Rewrite the first expression as a
fraction with 1 as the denominator.

Step 2: Rewrite the problem by multiplying
the first expression by the reciprocal of the
second.

Step 3: Factor the numerators and
denominators, if possible.

Step 4: Multiply the numerators and the
denominators. Remember to place the 12x in
parentheses.

Step 5: Divide out common factors.

Step 6: Since 12 and 3 can both be divided
by 3, we can still simplify. 12+ 3 =4 and 3
+ 3 =1. Now the expression is completely
simplified.

Trigonometric Ratios - B
Trigonometry is the study of triangle measurement.
A trigonometric ratio involves the ratio of the

lengths of the sides of a right triangle.

Trigonometric ratios allow you to find the
lengths of the sides of right triangles using



one of their acute angles. Acute angles are
angles which measure less than 90 degrees.
A right triangle has one angle which
measures 90 degrees. The triangle side
opposite the 90 degree angle is called the
hypotenuse. The hypotenuse is the longest
side of a right triangle.

Utilize this information to draw a right
triangle. Label the 90 degree angle, Angle
C. Label the opposite side, the hypotenuse,
Side C. Label the acute angle above or
below Angle C, Angle B. Label the side
across from Angle B, Side B. Label the
remaining angle, Angle A. Label the side
opposite Angle A, Side A. Now assign
measures: Side C =5, Side B=3, Side A =
4.

Your triangle should look like the triangle
below.

hypotenuse

side ¢ 2 4 side a

3

adjacent leg
side b

The formulas for trigonometric ratios are:

Sine of an acute angle = measure of the
opposite leg/measure of the hypotenuse

Cosine of an acute angle = measure of the
adjacent leg/measure of the hypotenuse

Tangent of an acute angle = measure of the
opposite leg/measure of the adjacent leg

Therefore, the trigonometric ratios for angle
A of the triangle you've drawn are:

sin A =4/5
cos A =3/5
tan A =4/3

opposite leg

Students should be familiar with the
Pythagorean Theorem which often needs to
be applied in order to complete the third side
of a right triangle prior to finding
trigonometric ratios. The theorem asserts
that in a right triangle the square of the
hypotenuse is equal to the sum of the
squares of the legs.

a® +b* =c?
Example 1:Triangle ABC is a right triangle.
Find the cosine of angle A. Rationalize the
denominator.

A
¥
7
C 9 B
(1) (2)

a®+b?=c? cos(ﬁ]:a—dlz L
hyp <13

M2+ (9% = c?

404 81=¢?

120 = ¢2

c=nf130 50 vy =f130

Step 1: Determine the length of side y.
Apply the Pythagorean Theorem.

Step 2: Substitute the values into the cosine
formula.

Step 3: Rationalize the denominator.

cos(lA) = m

Answer: 130

Trigonometric Tables

Trigonometric tables show the values of sine,

cosine, and tangent for a large list of angle
measures.

Trigonometric ratios depend on the

measures of acute angles of right triangles.
Acute angles are angles which measure less

than 90 degrees. A right triangle has one



angle which measures 90 degrees. The
triangle side opposite the 90 degree angle is
called the hypotenuse. The hypotenuse is
the longest side of a right triangle.

To read a trigonometric table, you need to
know either the measure of an acute angle,
or the sine (sin), cosine (cos), or tangent
(tan) of the angle. The following table
shows a portion of the table of trigonometric
ratios.

Takle of Trigonometric Eatios

Angle Zin Cos Tan
127 0.207% 08781 02126
1% 02250 08744 02309
147 02418 09703 0.2493

Practice interpreting the table by finding the
cosine of a 13° angle. The cosine of a 13°
angle is 0.9744. Or, find the degree of an
angle that has a tangent of 0.2493. The
angle degree is 14.
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